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PREFACE

The Book of Extended Abstracts contains 89 two-page abstracts of talks presented during the
30th conference COMPUTATIONAL MECHANICS 2014 and the workshop Modelling

and Inverse Problems for Heterogeneous Media, which were held at the Hotel Horizont in
�pi£ák, Czech Republic on November 3 � 5, 2014. The annual conference and the workshop, which
were attended by more than one hundred participants from the Czech Republic and Slovakia,
were organised by the Department of Mechanics, Faculty of Applied Sciences of the University
of West Bohemia under the auspices of

• Miroslav Lávi£ka, the Dean of the Faculty of Applied Sciences,

• Ji°í Stru£ek, the Vice-President of the Pilsen Region for Education, Sport, Culture and
Tourism,

• Czech Society for Mechanics,

• Czech National Committee of IFToMM,

• Central European Association for Computational Mechanics.

The main objective of this traditional conference is to bring together academicians, re-
searchers and industrial partners interested in relevant disciplines of mechanics including

• solid mechanics,

• dynamics of mechanical systems,

• mechatronics and vibrations,

• reliability and durability of structures,

• fracture mechanics,

• mechanics in civil engineering,

• �uid mechanics and �uid-structure interac-
tion,

• thermodynamics,

• biomechanics,

• heterogeneous media and multiscale problems,

• experimental methods in mechanics,

to create an opportunity for meeting, discussion and collaboration among the participants. As
in the previous years, the three best papers presented at this conference were awarded the Czech
Society for Mechanics Award for young researchers under 35 years of age.

To all conference participants, we o�er the possibility to publish their peer-reviewed full
papers in the international journal Applied and Computational Mechanics, which has been
published by the University of West Bohemia since 2007 (see http://www.kme.zcu.cz/acm/).

We would like to express our gratitude to all the invited speakers for their signi�cant con-
tribution to the conference and the time and e�ort they put. Considerable acknowledgement
belongs also to the members of the Organising Committee for their important work.

We strongly believe that all participants enjoyed the 30th anniversary of the conference
Computational Mechanics and that they spent their time in the beautiful nature of the �umava
region in a meaningful way. Finally, we want to invite you all to come to the next conference
CM2015.

Jan Vimmr

University of West Bohemia
Chairman of the Scienti�c

Committee

Vít¥zslav Adámek

University of West Bohemia
Chairman of the Conference

Organising Committee

Eduard Rohan

University of West Bohemia
Chairman of the Workshop
Organising Committee
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Dupal J., Zaj́ıček M.: Analytical periodic solution and stability assessment of Cardan’s mech-
anism . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
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Slažanský M., Burša J., Polzer S.: Influence of gripping method in biaxial testing of soft
biological tissues . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125
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Šťastný M., Šejna M.: Thermodynamic loss of condensation in steam turbine cascade . . 143
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Linear fiber-based additional measurements of position of serial 
angular robots 

J. Adamčík a, Z. Šika a, P. Beneš a, P. Svatoš a 
a Department of Mechanics, Biomechanics and Mechatronics, Faculty of Mechanical Engineering, Czech Technical University in Prague, 

Technická 4, 166 07 Praha, Czech Republic 

The paper presents a new concept of additional measuring of position using the fiber system. 
The fiber system is placed on the shoulders of the kinematic pairs in order to reduce 
restriction of the motion and the manipulation space. The system is designed to measure 
redundantly the complete relative motion with 6 degrees of freedom (DOF) including arm 
deformations. The redundancy then provides the possibility of the self-calibration of the entire 
device. 

The idea of the measuring system is similar to the principle presented in [1]. Unlike the 
cited paper, where the fibers are used as driving units, the presented idea applies the members 
as pure measuring elements. The essential difference is that the authors in [1] consider four 
fibers for controlling 3 DOF, i.e. with redundancy of degree one. The presented concept takes 
into account 6 DOF measured by 8 fibers, i.e. with redundancy of degree two. 

The mounting points are placed on the two crosses turned by 45° for higher handling 
ability. The distances between the end points of the auxiliary crosses, measured as the length 
of each fiber vlk (k = 1 ... 8), then clearly determines the relative position of the arms of the 
identified kinematic pair (Fig. 1). Constant parameters of the system are the arm lengths 
(distance between the auxiliary arms centre and the joint), the length of each auxiliary arm 
and their orientation, expressed by the direction angles. 

  
Fig. 1. The beam model of fiber measuring system in two different positions 

The relative motion of the arms is then defined not only by the main motion of the 
kinematic pair, but also through the backlash and deformations. The first step of the synthesis 
was the setup of the inverse kinematic model [2]. The second step was the creation of the 
sensitivity model. The third important step of the work was the forward kinematic model, 
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simulating the real use of the system. This model determines the current position of the 
system and calculates the maximum localization error from the specified lengths of fibers 
(Table 1). The model also allows the choice of the considered accuracy of primary measuring 
(considered measurement accuracy of fiber was 5µm). The optimization of the parameters has 
been realized based on the calibrability criterion [3], the example of the result is in the Fig. 2.  

Table 1. The accuracy of the measuring system, determined by the simulation model 

∆φx ∆φy ∆φz d∆x d∆y d∆z 
 

3÷5 x10-5 
[rad] 

9÷14 x10-6 
[rad] 

2÷5 x10-5 
[rad] 

15÷30 x10-3 
[mm] 

8÷13 x10-3 
[mm] 

3÷5 x10-3 
[mm] 

 

  
Fig. 2. The beam model of fiber measuring system after parameter optimization 

Although the simulation only refers to the intended application with some range of 
individual drives, the determined accuracy at the level indicates the high potential of the 
measuring system. The ability to identify and quantify the deformation and backlash of 
individual kinematic pairs and the possibility of implementing them as a feedback could 
significantly affect not only the positional accuracy of the robot, but also the possibility of 
increasing the maximum permitted load without increasing the weight and massiveness of the 
structure. 
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Dynamic cloth model for motion planning simulations 

P. Beneš a, Z. Šika a , M. Rázus a, M. Neoral b  
a Department of Mechanics, Biomechanics and Mechatronics, Faculty of Mechanical Engineering, Czech Technical University in Prague,  

Technická 4, 166 07 Praha 6, Czech Republic 
b Department of Cybernetics, Faculty of Electrical Engineering, Czech Technical University in Prague,  

Technická 2, 166 27 Praha 6, Czech Republic 

Dynamic animation of cloth is today a common part of computer games, virtual reality 
animations or movies. However most of these models are focused only on a fancy 
visualisation. Many of them are even not based on cloth physical properties. In case we need a 
real-life simulation, e.g. for motion planning, it is not enough that it looks like real or 
sometimes maybe even better. We need a more accurate model that truly behaves as a real. 
The presented paper describes physical model of cloth based on a spring-mass-damper 
approach. The model is a part of EU-FP7 research project CloPeMa (Clothes perception and 
manipulation) [3].The two handed CloPeMa robot will learn to manipulate, perceive and fold 
a variety of textiles. The presented model will be used for motion planning. 

The basic structure of two considered simulation models is in the Fig. 1. The nodes of the 
structure represent uniformly distributed mass of the cloth. These nodes are connected to each 
other either by springs (Fig. 1a) or by kinematic constrains for defined constant length 
(Fig. 1b). In that case nodes represent spherical joints as well. The dissipative properties of 
the garment are modelled using shear dampers (red) and flexion dampers (green). Moreover 
there is a viscous damping applied on each node representing the interaction with air.   
 

    

Fig. 1. Basic model structure: a) model with springs, b) model with kinematic constrains 
 

The motion equations of the whole simulation can be formulated by many different 
methods. As the kinematic constrains are defined within the structure the Lagrange equations 
of mixed type were used and the numerical calculation was stabilized using Baumgarte’s 
approach [2]. The motion of the grasping points is defined as kinematic excitation concerning 
that the motion of garment does not influence the robot dynamics. 
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The identification of the model parameters (stiffness of springs, damping ratios, air 
resistance…) is based on the experimental results. The robot manipulation with textile objects 
was captured by colour camera and the rangefinder sensor [1]. The maneuver that was used 
for parameter identification represents the flapping with the cloth. The upper edge of sheet-
like cloth was hold by two robot grippers. Then robot arms moved forwards/backwards.  The 
records were analysed and transformed to the time series of grid points coordinates. The goal 
of parameter identification was to minimize the difference between real garment grid 
coordinates and simulation model nodes coordinates (Fig. 2).  
 

 

Fig. 2. Identification in t = 3.17 s: a) image processing, b) comparison of measured data and simulation 
 

The problem of identification is that the rapid robot maneuver excites cloth in such a 
degree that some grid points are hidden behind other ones and cannot be captured by the 
rangefinder. On the other hand the identification from slow maneuvers results in wide variety 
of parameter values. 

Finally both models were identified. The simulation model with constraints is very fast but 
its performance was less accurate compared to springs model. Especially when the movement 
of cloth is very fast and the free bottom edge flapping. This effect was well covered by the 
model with springs, however stiff springs mean high natural frequencies and therefore small 
integration steps and more time consuming calculation.  

During manipulation and folding operations the cloth collides with other object such as 
robot arms or the working table. The other type of collision is the self-colliding of cloth. 
Naturally the cloth cannot penetrate itself or other rigid objects. Therefore the collision 
detection together with further improvements in parameter identification will be the next step 
in model development.  
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Algorithm for chute motion control  

J. Blekta a, R. Soják a 
a Faculty of Mechanical Engineering, Technical University of Liberec, Studentská 2, 460 01 Liberec, Czech Republic  

In the surface mines belt conveyors are very important part of the transport chain. Conveyors 
transports coal or blasted rock (overburden). The length of conveyor line is from 5 to 10 
kilometers. In the case of rocks transportation, overburden is transported to the opposite side 
of the mine, where it is put to the hole again. Conveyer line consists from several conveyor 
belts, usually of the 1 km length. The rock is poured from one belt to another. This causes a 
great wear of the belt [1]. The aim of this paper is to find a suitable way to reduce the kinetic 
energy of the falling mass. This would increase the life of conveyor belts. 

Each belt conveyor consists of a driving and return station. The first one is responsible for 
driving the conveyor belt and it is positioned at the end of the belt (in the direction of material 
transportation). Another role of the driving station is to pour transported material to return 
station of the subsequent conveyor. This is done approximately from a height of 10 m. During 
pouring of the transported material the rocks fall down on the adjustable steel shield that 
directs material flow into the center of the outgoing belt. This causes uniform loading of the 
belt. Return and driving stations are shown in Fig. 1. 

 

Fig. 1. Return (1) and driving (2) station 

At the beginning of the project solution it was initially considered to reduce the drop 
height by constructional modification of the return or driving station. After a careful 
examination of the drawing and project documentation it has been stated, that distance 

1 

2 
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reduction between incoming and outgoing belt is not possible. For this reason, it was 
proposed a new solution of the steel chute insertion between incoming and outgoing belt. The 
advantage of this conception is a significant reduction of the impact energy of the falling 
material, the disadvantage is the danger of clogging of the hopper area, when the adhesive 
material is transported. Therefore, it was decided, that the chute must be extensible.  

The chute movement control suitable algorithm was designed. In the base of hardness and 
the size of transported pieces of overburden this algorithm decide, when the chute would be 
slid out or slide back. The hardness of the transported material are identified by the extent of 
excitation of the shield eigenfrequencies. By impact of the hard material, eigenfrequencies are 
excited with much greater intensity than in the case of the soft adhesive material. This 
characteristic was supported by a lot of measurements in different weathers and with different 
types of transported materials. In Fig. 2 can be seen spectrograph of shield vibration. 
Independent axis is time, the another two quantities in the graph are the frequencies of the 
shield vibrations (dependent axis) and the intensity of shield vibrations (defined by color). 
Comparison of several spectrographs measured for different transported material shows 
dependence of shield vibrations intensity on the transported material hardness.   

 

Fig. 2. Spectrogram of shield vibration (1 - field of the shield eigenfrequencies) 

Real-time computer, installed on the driving station, assesses the intensity of the 
eigenfrequencies excitation. In the case of safe limit exceeding, it pass the information to slide 
chute out. This information is transmitted to the control station and the driver of bucket-wheel 
excavator decides to slide chute out or not.  
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Comparison of explicit and implicit discontinuous Galerkin finite
element methods for steady and unsteady flow problems

O. Bublı́ka, A. Jonášováa, J. Vimmra
aEuropean Centre of Excellence NTIS – New Technologies for Information Society, Faculty of Applied Sciences,

University of West Bohemia, Univerzitnı́ 22, 306 14 Pilsen, Czech Republic

In recent years, the discontinuous Galerkin (DG) finite element method [5] has become more
popular for the solution of various flow problems [1, 4]. This popularity is mainly due to its
ability to achieve high order of spatial accuracy, low artificial damping, robustness and stabil-
ity. The main drawback of the method is the high number of unknows, solution of which is
connected with high computational demands. For this reason, the choice of an efficient time
integration method is of crucial importance.

The purpose of the present work is to compare two basic classes of time integration methods
in terms of CPU time usage and quality of results. First, the class of explicit time integration
methods is considered. It is well known that their computational efficiency is directly affected
by the maximal size of the global time step, which is restricted by the CFL condition of stabil-
ity. This restriction becomes especially notable when the applied computational mesh consists
of elements with large variations in size. Because of this, the explicit schemes are known to
be computationally inefficient. To overcome this drawback in this work, we implement the
local time stepping (LTS) method. As shown in [3], the use of LTS Runge-Kutta method can
massively increase the computational performance of explicit schemes without any substantial
modification of the algorithm. As a second class of methods, we consider the implicit time inte-
gration methods. Although this type of methods is able to overcome the restriction imposed on
the size of the computational time step, their implementation is connected with several difficul-
ties. Among them, it is possible to mention the need to solve a system of non-linear algebraic
equations during every time iteration. The solution of this system is usually performed using
the Newton method, where it is required to solve a system of linear equations repeatedly until
convergence. The use of the Newton method is, however, connected with the disadvantage in
the form of Jacobian matrix, whose exact expression is very difficult, especially in the case of
the DG method. To overcome this problem, many authors use Jacobian free methods [2] based
on the Krylov methods such as BICGSTAB and GMRES. On the other hand, the knowledge of
the Jacobian matrix can be useful when building a preconditioner matrix. In this work, we em-
ploy the technique of the Jacobian free methods in order to numerically assembly the Jacobian
matrix. This approach is independent of equations complexity and boundary conditions and as
such allows to easily solve complex flow problems like the turbulent flow. The drawback of
this approach lies in higher computational demands on Jacobian matrix assembly, which can be
compensated with a parallel algorithm.

In this work, the computational performance of explicit and implicit methods is compared
for several test cases. For example, Fig. 1 shows the solution of steady compressible inviscid
and viscous laminar flow around the NACA 0012 airfoil computed by the implicit backward

7



Euler method with linear polynomial basis functions. The CPU times necessary for the steady
state solution are shown in Fig. 2. On the basis of the steady flow simulations, it can be observed
that the implicit method is computationally more efficient than the explicit LTS method. Other
cases, especially unsteady flow simulations, will be presented at the conference.

Fig. 1. Mach number isolines around the NACA 0012 airfoil: (left) inviscid flow (M∞ = 0.8,
α = 0), (right) viscous flow (M∞ = 0.8, α = 0, Re = 5000)

Fig. 2. Residuum as a function of CPU time for inviscid (left) and viscous (right) flows (the
implicit method in red, the explicit LTS method in blue)
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Usage of the particle swarm optimization in problems of
mechanics

R. Bulı́na, M. Hajžmana

aFaculty of Applied Sciences, UWB in Pilsen, Univerzitnı́ 22, 306 14 Plzeň, Czech Republic

Optimization process is a very important part in designing dynamic systems. Optimal parame-
ters can make a system less noisy, decrease amplitudes of vibration, make a system cheaper etc.,
so they can be essential in a project realization. There are many approaches how to find optimal
parameters [3]. Some methods are searching for local optimum only or require differentiable
functions and that may be a drawback [2]. That is why methods of zero order are used, since
they do not use derivations of an objective (or so called fitness) function in the optimization
process. One of these methods is the method called Particle Swarm Optimization (PSO), which
has the ability to find global optimum of objective (fitness) functions [1].

The basic PSO method was introduced by James Kennedy and Russel C. Eberhart in year
1995. It is based on a behaviour of animals (such as sheep, birds or fish) in a flock or a swarm.
Each individual in a swarm cooperates with others to find areas, where can be enough food
or something. All individuals in a swarm creates a social behaviour, which leads to finding
optimum areas in a search space.

The PSO algorithm uses a swarm of size ns, which is made by individual particles rep-
resented by vector xi(t) = [xi1, xi2, ..., xin], where n is dimension of a search space, i =
1, 2, ..., ns is index of a particle and t is discrete time step. The position of a particle is changing
due to vector of velocity vi(t) = [vi1, vi2, . . . , vin] according to equation

xi(t+ 1) = xi(t) + vi(t+ 1). (1)

The start position of particle xi(0) in a search space is random and is generated by the uniform
distribution. The initial velocity vi(0) is set to zero vector.

Each particle has a memory, where its best position found during the searching process
is stored. This position is called personal best or pbest and is represented by position vector
yi(t) = [yi1, yi2, . . . , yin], which is calculated by

yi(t+ 1) =

{
yi(t) for f(xi(t+ 1)) ≥ f(yi(t)),

xi(t+ 1) for f(xi(t+ 1)) < f(yi(t)),
(2)

where f : Rn → R is fitness function, which determines the quality of a particle position.
Particles can cooperate with others and they form neighbourhoods. Inside a neighbourhood

the particles, which belong to this neighbourhood, share information about their pbest positions.
The best position of all pbest positions in a neighbourhood is called local best or lbest. The
velocity of a particle is based on the difference between the actual position and pbest and lbest
positions. There are two basic versions of the algorithm, which differ in neighbourhood size
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and structure. The first one is called Global Best PSO and the second one is called Local Best
PSO.

The particle velocity is calculated by

vij(t+ 1) = vij(t) + c1r1j(t)[yij(t)− xij(t)] + c2r2j(t)[ŷij(t)− xij(t)], (3)

where vij(t) is velocity of particle i in direction j (j = 1, 2, . . . , n) in time step t, c1 and c2
are positive coefficients which indicate how much is the particle attracted by its pbest position
and lbest position, r1j(t) and r2j(t) are random values from 〈0, 1〉 generated by the uniform
distribution, representing a stochastic element of the algorithm and ŷij is the j-th component of
vector ŷi(t) which is the lbest position for particle i.

The basic version of PSO does not provide satisfactory convergence to an optimum. That is
why some improvements were applied, such as a modification called inertia weight, a velocity
improvement called velocity clamping and time dependent c1 and c2 coefficients. The goal of
these modifications is to give particles appropriate ration between exploration and exploitation
ability. The good exploration ability means, that the particles cover the whole search space
during their life. This helps to find optimum areas in the search space, but the particles are
unable to focus on a global optimum. On the other hand, exploitation ability represents the
effort of particles to concentrate on a small area from the search space and find the best solution
here. It is necessary to find an appropriate balance between these two abilities. In the first
half of the optimization process the particles should have good exploration ability and than the
exploitation ability.

The PSO algorithm was used in various benchmark problems from mechanics—the tuning
of a dynamic vibration absorber model is presented the abstract. The model is shown in Fig. 1.
The steady response before and after optimization using the PSO algorithm is shown in Fig. 2.

k1

k2

k3

b1
b3

f2

m1 m2 m3

q1 q2

q3

Fig. 1. Dynamic absorber of vibrations Fig. 2. Steady response q2 before and after
optimization with PSO algorithm
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Damage of the boiler collector caused by vibration 

J. Buzík a 
a Institute of Process and Environmental Engineering UPEI-VUT, Faculty of Mechanical Engineering, Brno University of Technology, 

Technická 2, 616 69 Brno, Czech Republic 

This contribution is devoted to searching of the damage causes of the boiler collector. To 
date of 6/11/95 the boiler had exhausted life from 40 %. Operation of boiler is accompanied 
with periodically creation of crack between nozzles. This crack is created in hoop direction in 
the middle part of the collector. Collector serves to distribution steam about temperature 350 
°C to tubes. Next, this steam is overheated by flue gases to temperature 486 °C. Flue gases are 
generated by burning heavy fuel oil, natural gas and tar mixture. Tubes leading from collector 
to boiler have U-tube bundle shape in boiler. In boiler space the tube bundle is insert to 
second space with natural draught. Space with collector and boiler space is separated by 
membrane wall. Tube bundle leads through this membrane wall. 

The boiler collector was repaired in 2005. In this year occurred the exchange of the part of 
boiler between nozzles. This exchange was required because it occurred to crack of collector. 
Necessity of exchange of the part of collector was required more two times with same 
interval. This is reason to consider the creating crack in periodically from 4 to 5 years. This is 
reason to classify of fatigue like to high-cycle fatigue. Collector exchange is possible in 
summer and winter shutdown only. All these factors lead to economic-ecology reflection. 
This is necessity to design thorough preparation of boiler exchange in shutdown time. 

When searching causes this damage was followed completely systematically. Firstly were 
created analysis (FEM – finite element method and CFD – computational fluid dynamics) 
who they can confirm static damage from irregular flow of steam distribution to the tube of 
tube bundle. This inequality can cause irregular thermal expansion and possible damage of 
collector, respectively the tubes. But, these analyses didn’t confirm static respectively 
quazi-static causes of damage. In order to check most information about collector was created 
heat-hydraulic check calculation. This calculation obtained velocity of flue gas vfg = 0.6 m/s, 
overall heat transfer coefficient of flue gas αfg = 35.85 W/(m2.K) and steam αs =  
= 1124.06 W/(m2.K), Reynolds number of flue gas Refg = 57242.95, density flue gas ρfg = 
0.48 kg/m3and dynamic viscosity of flue gas ηfg = 2.5e-5 Pa.s. In next part was performed 
CFD analysis inside of boiler. The CFD analysis revealed the vortexes behind tubes. This 
information was important for next analyses. These vortexes are reason of tube vibration and 
can be main reason for tubes damage respectively collector. The values of frequency vortexes 
were calculated by method from publication: VDI Heat Atlas [3], TEMA [2] and Hewitt [1]. 
All calculation from these publications to confirm occurrence of vortex excitation in values 
higher then allowed value. The vortex vibration accompanied acoustic vibration. Vortexes 
excitation cannot be marked like main reason damage of collector in case large rigidities tubes 
and membrane wall respectively tube bundle support connections. In this case would occur to 
shear tensions on the tubes and membrane wall connections respectively on the tubes and tube 
bundle supports, but it did not take place. Assumption of low rigidities tube is crucial for next 
calculation. 
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For calculation of amplitudes vibration were used tube supports with 2DoF (two degrees 
of freedom) from moments in tube axis direction and in perpendicular direction to tube axis 
and perpendicular direction to flue gas flow. Tube supports have distance from 0.85 to 1 
meter. The results from these analyses have value of vibration amplitude to 7 mm.  

Next important part was classification and describe of vortexes behind tubes. These 
calculations were make in CFD with used UDF (user define function) for 6DoF (six degrees 
of freedom). These DoF limits computational model on 2DoF as described above. Next more 
important step at CFD analyses was choosing appropriate viscous model for well describe of 
vortex excitation. The best models were laminar, k-omega SST and k-epsilon Realizable. For 
next analyses were waived from initial value of velocity flue gas (vfg = 0.6 m/s), dynamic 
viscosity of flue gas ηfg = 2.5e-5 Pa.s and density flue gas ρfg = 0.48 kg/m3. The main reason 
this step was checking behaviour these physical variables for flue gas (velocity, density and 
dynamic viscosity) on the forces of vortexes excitation. The results describe insignificant 
influence of dynamic viscosity and important influence of velocity, density and their 
combination. The results from CFD were pictures, graphs and value. On the pictures was 
describe geometry and flow of vortexes couple Kármán Vortex Street. On the graphs was 
described time dependence of lift and drag force, dependence of lift and drag force and 
reduced velocity to vortexes amplitude. 

In last step was evaluated the vortexes excitation stress. The values of these stresses from 
vortexes excitation didn’t exceed of allowed value. The values of these frequencies were in 
range from 7 to 20 Hz. From this information was determined high-cycles fatigue, wherein it 
occurred to exhaustion of life and plastic deformation collector between nozzles.  

Every analysis confirmed presence and influence of the vortexes excitation on the boiler 
collector respectively tube bundle. Basically, vortexes excitations were main causes of 
damage of collector in above. The real model will have different results because his geometry 
has connection to Y-bifurcated tube. This geometry causes additions or subtraction wave on 
the tubes connection. The continuation of this contribution will be more accurate with the 
results on the real geometry model and evaluation of sample from damage geometry. Very 
elegant solution can be in insert specifically geometry for break of vortex excitation with 
preserving of heat performance of tube bundle.  
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Updating of aircraft dynamic model according results of ground 
vibration test 

J. Čečrdle a 
a Aeronautical Research and Test Institute, a.s., Beranových 130, 199 05 Praha - Letňany, Czech Republic 

Analytical models of aircraft structures that are 
used for flutter analyses must be validated by 
means of the ground vibration test (GVT) results. 
Airworthiness regulations include this demand, 
because the data based on a theoretical virtual 
model are not reliable enough. With regard to GVT 
results incorporation, there are two options of the 
flutter analysis: 1) direct usage of GVT results and, 
2) updating of a structural model according GVT 
results. The former option is used mainly for 
general aviation aircraft. The advantage is a direct 

relation to a real aircraft structure; however, flutter analyses are more or less limited to the 
tested structure. The latter option is used mainly for utility or commuter aircraft, for which the 
development and certification process is more complex. An analytical model is updated to 
match the GVT-based modal characteristics as closely as possible. Such an updated model 
allows to make parametrical studies or to include further modifications of structural 
parameters. 

The procedure of an analytical model updating may be based on these two approaches: 
1) Model updating by Bayesian least squares 
method, where the objective function is defined as 
a distance between actual modal responses and 
target (GVT) modal responses. The solution is 
iterative, based on the matrix equation of the form: 

 { } { } [ ]{ }R GPP 0u ∆−+= , (1) 

where {Pu} is parameter vector after updating; {P0} 
is parameter vector before updating; {∆R} is 
response change vector and [G] is "gain matrix" 
computed according Bayesian estimation theory. 2) More general model optimization by 
gradient based methods. An example of the objective function expressing weighted squared 
minimization of relative error in modal frequencies, mode shapes expressed by the Modal 
Assurance criterion (MAC) and changes of design variables can be expressed as: 

 { } [ ]{ } { } [ ]{ } { } [ ]{ }( )P W PMACW W  P
TT 

MACff
T 

f ∆∆+−+ 1min εε . (2) 

 
Fig. 1. FE model 
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Fig. 2. Experimental points 
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Model updating of an aircraft structure model is very complex problem. The key issue is 
the appropriate selection of parameters and responses. It requires good knowledge regarding 
an updated structure, possible error 
sources and the appropriate strategy 
of updating. Methodology is 
demonstrated on a twin turboprop 
utility aircraft.  

FE model is shown in Fig. 1. 
Grid of measurement points is 
adjusted and reduced as shown in 
Fig. 2. Before the main updating 
phase, the engine attachment is 
updated to match the node points of 
the measured engine vibration 
modes. Inertia characteristics of 
controls are also adjusted according 
mass measurements. Finally, overall 
inertia characteristics are updated according a prototype weighting. Stiffness parameters of 
tabs are usually updated according static stiffness measurement results.  

The main updating includes the modes of main structural part vibrations (wing, fuselage, 
horizontal and vertical tail), engines and controls. Symmetric and antisymmetric models are 
updated separately, thus we obtain diverse parameter values for both models. Parameters 
available for updating include stiffness (vertical bending, in-plane bending, torsion) of beam 
elements modeling the main structural parts and controls, and stiffness of spring elements 
modeling engine attachments, control actuations and the structural part connections. Response 
parameters available for updating are modal frequencies and mode shapes, that are included 
using MAC criterion. First, modes of 
the main structural parts and engines 
are updated by means of beam global 
stiffness parameters. Next, the same 
modes are updated via local 
parameters. Finally, all the modes 
including controls are updated by 
means of local parameters. Updating 
should not include unnecessary modes. 
Optionally, further updating to a subset 
of modes contributing to the specific 
flutter instability may be performed.  

As an example, updating of 
symmetric model is shown here. 
Comparison of initial and final pairing 
of modes is shown in Figs. 3 and 4. Fig. 3 shows the relative error in natural frequencies. The 
final errors are up to 1.5 %. Fig. 4 shows MAC values. The final ones increased or remained 
the same compare to the initial ones. To summarize, modal parameters after updating got 
much closer to the target GVT data. Updated model is now prepared for the usage in the final 
phase of flutter calculations. 
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Possibility of a rotor-stator contact assessment
O. Červenáa, M. Baldaa

aVýzkumný a zkušebnı́ ústav Plzeň s.r.o., Tylova 1581/46, 301 00 Plzeň, Czech Republic

High-speed rotors are endangered by contacts with stators when rotating. The contribution
presents the analysis of conditions of this phenomenon initiation for high power turbosets.
A contact between rotor and stator arises when a trajectory of vibrating rotor runs out of clear-
ances at an arbitrary point along the rotor length. The limiting situation occurs when the rotor
just touches stator surface at a critical place. This danger can be minimized by a suitable ma-
chine alignment. If the rotor flexure is smaller than a limiting one, the phenomenon might not
occur. This can be found out of data measured at common places at low speed.

Limiting cases of rotor flexure or unbalance may be obtained by the application of pro-
grams for calculating rotor forced vibrations providing values of dynamic deviations along the
rotor axis caused by its bend or unbalance. Should trajectory overcome a fleeting touch, a phe-
nomenon denoted as rubbing was initiated. In that case, heat is generated by intensive friction,
which may terminate in a permanent bend of the rotor due to introduced plastic deformation in
the point of contact. This situation is out of abilities of linear computations of forced vibrations.

A mathematical model of a rotor (rotating at angular velocity ω) can be generally written in
form [1, 2]

Mq̈(t) + [B(ω) + ωG] q̇(t) +K(ω)q(t) = f(t, ω), (1)

where M is mass matrix, B is damping matrix, ωG is a matrix of gyroscopic effects, K is
stiffness matrix, f(t, ω) is general force excitation vector and q(t) is vector of generalized
coordinates.

Since the force excitation from unbalance has harmonic waveform: f(t, ω) = f(ω)eiωt, the
dynamical response has harmonic waveform too, q(t, ω) = q(ω)eiωt. After substituting all into
(1), the unknown vector of complex deflections can be expressed as

q(ω) =
{
−ω2M + iω [B(ω) + ωG ] +K(ω)

}−1
f(ω). (2)

The centrifugal forces generated during rotation of the unbalanced shafts produce transverse
vibrations of the rotor and its surroundings. It can be shown that the trajectory of the shaft center
section in any transverse plane is an ellipse, which can be circular or degenerated in a line in
extreme cases. It is created by composition of two harmonic processes of the same frequency
in a transverse plane of two axes, vertical y and horizontal z, in complex form

qy(t, ω) = Re(yo exp(iωt)) = |yo| cos(ωt+ ϕy)
qz(t, ω) = Re(zo exp(iωt)) = |zo| cos(ωt+ ϕz)

(3)

where yo and zo are complex amplitudes in time t = 0. The trajectory in plane yz is created by
composition of vectors qy(t, ω) and qz(t, ω). The angular frequency of oscillation is ω, time t,
and phase angles ϕy and ϕz of real harmonic functions qy(t) = Re(y(t)) and qz(t) = Re(z(t)).
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Fig. 1. The trajectories of the shaft center of unbalanced rotor and seal clearances

The trajectories of the shaft center of unbalanced rotor in critical and operational speeds
are compared with clearances in seals along all length of the rotor in Fig. 1. Blue lines depict
clearances in seals of high pressure and middle pressure parts of the rotor, and trajectories of
shaft center are shown by red lines. It is obvious that the rotor trajectories overcome clearances
in some seals of high pressure part of the rotor at critical speeds. Situation is complicated by the
fact that seals used to be not well aligned as is seen from the middle pressure part of the rotor.
In computations of dynamic responses of unbalanced rotor, it is possible to find out boundary
values of rotor deformations, for which this does not occur.

The unbalance of the rotor can be caused by its thermal deflection coming from uneven
temperature distribution in the cross sections of the rotor body after it stops. The problem of
finding temperature distribution is very complicated because of vague knowledge of properties
of surrounding media. However, the subject is studied, and it is expected that ways to its solution
will be found in future.
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Three filaments model of sarcomere 

V. Čibera a 
a Faculty of Applied Sciences, University of West Bohemia, Univerzitní 22, 306 14 Plzeň, Czech Republic 

This contribution deals with a theoretical mathematical model of the elementary contractile 
mechanism in the skeletal and heart muscles, i.e. with unit named sarcomere. The most 
influential model of this phenomenon was already proposed in 1957 by A.F. Huxley in [3]. 
Nowadays, Huxley’s model is considered as a classical model, which significantly 
contributed to the explanation of muscle contraction on molecular level. Huxley and his 
colleagues introduced the approach on the muscle contraction theory called cross-bridge 
theory. In this theory, there is a strong emphasis on the explanation of muscle contraction 
based namely on the interaction of two proteins. Both of the proteins form a shape of 
filaments, which are able to actively slide along each other. First protein, called myosin, 
serves as a molecular motor. Its pivotal property is that it can cyclically bind and unbind the 
second protein called actin. During every bind/unbind-action, actin is shifted by myosin in 
one direction, which is the main principle of contraction and force production of muscles. 

During the past decades, mathematical models based on the cross-bridge theory 
sufficiently succeeded in the description of concentric and isometric contraction, where in 
the first case the muscle shortens and in the second case muscle produces force at constant 
length. Till nowadays, the most challenging part in cross-bridge theory remains 
the explanation of eccentric contraction, which is followed by the phenomena called force 
enhancement. In this case, muscle (sarcomere) is stretched by external load. After the stretch, 
the muscle produces more force than the cross-bridge theory is able to explain.  

Following the latest experimental and theoretical results, the classical cross-bridge model 
was modified in this contribution in two ways as follows. Firstly, according to the results and 
proposals in [2], it seems like the third most abundant protein titin in sarcomere also plays an 
active role during contraction. According to [2], titin is also able to actively attach at actin 
filaments the way that affect namely eccentric contraction. The second crucial modification 
was the implementation of the non-linear elastic property of myosin as measured in [4].  

After modifications, the classical cross-bridge model was changed to the form: 
 
 
 
 
 
 (1) 
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where Fs denotes sarcomere/half-sarcomere force, FCB represents force achieved by cross-
bridge cycling, l is the magnitude of the actin-myosin filaments overlap, fk(x) is the force-
length relationship as measured in [4], where x is the length of single myosin cross-bridge, 
n(x,t) is the distribution of the cross-bridges  x-lengths. FT is force produced by titin filaments, 
where kT is the elasticity of the bunch of titins and lT is its length. v(t) expresses the velocity of 
contraction. f(x) and g(x) are specific rate functions describing kinetics of the cross-bridge 
cycling. 

The modified cross-bridge model was used to simulate all kind of contraction, i.e. 
concentric, isometric and at last challenging eccentric contraction. Further, two special cases 
of contraction were simulated: sudden shortening of sarcomere - special case of concentric 
contraction and sudden stretch of sarcomere – special case of eccentric contraction. All of 
the results are comparable with the measured experimental data as available in literature. This 
leads to the conclusion that the role of the titin might be more important than originally 
thought in cross-bridge theory as proposed in [2]. As an example of the results, graphs 
depicting force production during eccentric contraction and sudden stretch are presented. 
 

 

Fig. 1. Force during eccentric contraction of sarcomere 

 

Fig. 2. Force during sudden stretch of sarcomere 
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Representation of crushing phenomenon in DEM model of
railway ballast

R. Dubinaa, J. Eliáša
aFaculty of Civil Engineering, University of Technology, Veveřı́ 331/95, 602 00 Brno, Czech Republic

Representation of ballast behavior in Discrete Element Models (DEM) would not be complete
without including crushing of grains. The grain crushing leads to degradation of the ballast in
the railway. Therefore it is necessary to take the crushing into account. Two approaches have
been developed in literature. The first one represents every grain as an assembly of smaller units
with cohesive contacts between them. These cohesive contacts may break and many ruptures
result in the separation of grain parts. This approach is relatively precise and universal, but it
demands extreme computational resources. The other approach is exploited here. Every grain
is modeled as one rigid body. In case which is presented here, grains are modeled as spheres.
The crushing occurs when some equivalent stress in the grain σe [4], here determined as von
Mises stress computed from fabric stress tensor, exceeds the material strength ft

σe > ft. (1)

The fabric tensor [1] in the particle can be expressed as

σij =
1

V

∑

c

l
(c)
i F

(c)
j , (2)

when c runs over all contacts of the particle, F (c) is a force acting at the c-th contact at position
l(c). Subsequently the stress vector is symmetrized by averaging opposite non-diagonal mem-
bers. Principle stresses (σI > σII > σIII) and their directions are found by eigenvalue analysis.
The equivalent stress is obtained from the von Mises condition which is defined as

σe =

√
(σI − σII)2 + (σII − σIII)2 + (σI − σIII)2

Vsphere
, (3)

where σI , σII , σIII are principal stresses and Vsphere is the volume of the sphere. Then the
average stress in the grain is compared to material strength ft, which depends on the radius of
the sphere

ft =
f0

rsphere
, (4)

where f0 is reference strength and rsphere is the radius of the sphere. For convenience some
chosen minimal radius serves as lower limit for which the spheres can break. If all conditions
are satisfied, the grain is then replaced by several smaller bodies, pieces [3, 5]. These pieces
must often have the same shape as the original grain (typically spherical) and their assembly
therefore cannot exactly create the shape of the original grain as shown in Fig. 1.
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Fig. 1. The replacement subsidiaries of the parent – three variants with 4, 6 or 14 spheres

The orientation of new group of spheres is set in such a way that the direction of minimal
principal stress is identical to the direction of the softest axis of the new configuration. From
Fig. 1, it is apparent that a substantial part of the volume is lost. It can be the problem in such
cases, when it occurs to the many crushing of the grains in the sample. In these cases the arti-
ficial deformation of the sample can significantly affect results. The resolution of this problem
can be the approach presented in [2] when polyhedrons instead of spheres were implemented.
In this case it does not occur to the volume loss. To preserve the mass law, a possibility to
increase the density during splitting might be implemented.

The results depending on the size of minimum splittable radius, the variant differing in
number of pieces of the replacement, the influence of density increase and the influence of
other input parameters are investigated.

The major work is performed on oedometer test where all the above mentioned tests were
performed. The goal is to find a reasonable value of material strength. The results show that in
case of oedometer test the increase of the density does not play a significant role. It is probably
caused by static character of the simulation. The other tests show that the splitting into 6 or 14
spheres gives similar results.

In future we are going to use a particle crushing in so-called box-test and in the simulation
of cutting of railway.

Ackowledgement
This outcome has been achieved with the financial support under project No. FAST-J-14-2471.
The support is gratefully acknowledged.

References
[1] Bagi, K., Stress and strain in granular assemblies, Elsevier, 1996.
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Analytical periodic solution and stability assessment of Cardan’s 
mechanism 

J. Dupal a, M. Zajíček a 
a Faculty of Applied Sciences, University of West Bohemia, Univerzitní 22, 306 14 Plzeň, Czech Republic 

The Cardan shaft is used as a component of many mechanisms for the transmission of torque 
through angularly misaligned rotating shafts. Often we meet with its use, e.g., in automobile 
industry. The typical design of the Cardan shaft is composed of two Cardan’s joints in series 
and mutually connected with a shaft that usually enables an axial dilatation, see Fig. 1. A 
major problem with the use of Cardan’s joint is that it transforms a constant input speed to 
a periodically fluctuating one. This means that the dynamic system with these joints is 
parametrically excited. It introduces a number of specific resonance conditions or dynamic 
instability of the system. The main goal of analyzing such systems is assessment the 
(in)stability conditions as well as the amplitudes of the steady state motion. 

In the present study, the simplified model for description of Cardan’s mechanism depicted 
in Fig. 1 is considered under the assumption of a small angular misalignment δ. The 
governing equation of periodic motion can be then linearized under this assumption and after 
some adjustments it can be found in the form of the Mathieu equation 

  (1) 

where ϕ is a relative angle between the members 1 and 6, D is a damping ratio, Ω is a natural 
frequency of a system without periodic stiffness, ε = δ 2/2 is measure of stiffness modulation, 
I1 and I6 are moments of inertia and M1(t) and M6(t) are the periodic functions. After 
dimensionless transformation and some term rearrangements, Eq. (1) should be rewritten as 

 . (2) 

The analytic periodic solution of Eq. (2) in a steady state can be found by means of a periodic 
Green’s function and the Fredholm’s integral equation with degenerated kernel, see [1]. As  
 

 
Fig. 1. Scheme of Cardan shaft 
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further shown in this paper, the existence of solution is closely related to investigation of the 
(in)stability borders. This problem leads to calculation of eigenvalues of a certain matrix 
described in detail, see [1]. The stability chart for undamped system is shown in Fig. 2 where 
1/η = (Ω/ω )2. The correctness of borders is verified by using the Floquet theory [3]. 

 
Fig. 2. Stable and instable regions, problem without damping 

The response calculation in steady state is performed for Eq. (2) with right site in the form 

  (3) 

where M1(t) = M1 = const., ϕm = M1/k2 (k2 is stiffness), λI = I6 /I1. The numerical simulations 
with parameter settings r0 = 1, r1 = 0.5, r2 = 0.25, φ = π/4, λI = 1 and δ = {15°, 30°} were 
done. The oscillation results for the system in the stable region were validated by means of 
the Runge-Kutta integration method and very good agreements were observed. We can 
conclude that the use of presented solution is suitable to a linear system with periodically 
varying stiffness and excitation, see [2]. 
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Optimization of counter flow plate heat exchangers 

V. Dvořák a 
a Faculty of Mechanical Engineering, TU of Liberec, Studentská 2, 461 17 Liberec, Czech Republic 

The development of recuperative heat exchangers in recent years focused on increasing 
efficiency. Another challenge is the development of so-called enthalpy exchangers for 
simultaneous heat and moisture transport, i.e. transport of both sensible and latent heat, as 
presented by Vít et al. in work [6]. A lot of others researchers dealt with design and 
optimization of plate heat exchangers, for example Gut et al. [2]. Fewer scientists dealt with 
optimization of the shape of the heat exchange area, e.g. Kanaris et al. [4] investigated a plate 
heat exchanger with undulated surfaces or Han et al. in article [3] numerically investigated 
turbulent flow in chevron-type plate heat exchangers with sinusoidal-shaped corrugations 
using the SST k-ω turbulence model. 

This work is motivated by the need to optimize heat transfer area of heat recovery heat 
exchangers which are assembled from plates. Plates are made of metal, paper or plastic and 
are shaped by press molding. Ridges, grooves or undulation are supposed to increase the heat 
transfer and also determine the plate pitch and carry the heat exchanger. By assembling the 
heat exchanger from plates, complicated and irregular narrow channels are created. 

To optimize a heat exchanger, we have to create a model and a computational mesh and 
use computational fluid dynamic (CFD) software. Disadvantages of repeated generation of 
computational meshes are: It is slow, meshes made in different models are not similar and 
parameterization of the model is problematic. Further, even a small change of geometry 
requires going through the whole process of model creation and mesh generation again, as for 
example did Novosad in work [5]. Therefore, a new method for generation computational 
variants was developed and was presented by Dvorak in work [1]. 

 
Fig. 1. Model of heat exchange surface of counter flow recuperative heat exchanger, a) – initial mesh,  

b) – deformed mesh, c) – detail of a mesh example 

The method used in work [1] and this work is based on dynamic mesh method, provided 
by software Fluent, which allows control of movement of each node in the computational 
domain. First a simple but fully functional model with straight walls, see Fig. 1a, is created. In 
the subsequent step, the computational mesh is deformed using the user defined functions, see 
Fig. 1b. It is possible to change the spacing of the plates, to create undulations and also define 
the size of cells adjacent to the wall during the deformation. 
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Usually, we optimize for maximum efficiency for a given pressure drop, which if for 
various applications different, therefore a target function was designed in work [1] as 

 
R

R

p

pp
cF

∆
∆−∆

−= ηη , (1) 

where η is efficiency, cη = 2 [1] is penalization of the objective function for relative 
difference between actual pressure loss ∆p [Pa] and required pressure loss ∆pR [Pa]. 

 
Fig. 2. Results for various topologies of heat transport surface: a) – dependence of heat transfer coefficient on 

specific pressure loss coefficient, b) – objective function for reference pressure 500 [Pa] 

There are dependences of heat transfer coefficient [W·m-2·K-1] on specific pressure loss 
[1/m] for ridges in herringbone pattern and for off-set pattern with intermitted ridges in 
Fig. 2a. There are also curves for ridges with various counts of waves there. It is obvious that 
for low presser losses, the herringbone pattern is the most advantageous while waves are 
optimal for higher pressure losses. The results indicate that the topology of the off-set pattern 
is not suitable in any range of pressure losses. 

An example of calculated values of objective function is in Fig. 2, where results are 
plotted for reference pressure 500 [Pa] according Eq. (1). The objective function, which is a 
linear combination of efficiency and pressure loss, creates roof-like curves which enable to 
identify the best variant for given pressure loss. Later, it will be possible to optimize the 
topology of plates of the heat exchangers. 
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Nonlinear vibration of beam-type components
with inner impact interaction

Š. Dyka, V. Zemana

aFaculty of Applied Sciences, UWB in Pilsen, Univerzitnı́ 22, 306 14 Plzeň, Czech Republic

Presented investigation of strongly nonlinear phenomena between two 1D interacting continua
is motivated by research of nonlinear vibration of fuel rod in nuclear fuel assembly. To describe
nonlinear impact vibration of nuclear fuel rod (FR) in fuel assemblies (FA) of nuclear power
plants (NPP) [2], a FR is considered as a system of two beam-type components – FR cladding
(outer continuum, index out) and a column of fuel pellets (inner continuum, index in). The
outer continuum is coupled with frame by several elastic couplings. Both of these subsystems
are kinematically polyharmonically driven in lower ends by pressure pulsations of circulation
pumps. Between these two subsystems, there is a clearance and impact between them can occur.

Generally, let us consider two one dimensional continua with circle cross-section (one inside
the second). There is a little clearance between them and both continua are driven by kinemat-
ical excitation in their lower end. Both continua are supposed to satisfy Euler-Bernoulli theory
for elastic beams and they are modelled using finite element method for 1D continua [1]. Vector
of generalized coordinates of subsystems can be expressed in the form

q(out) =

[
q
(out)
L

q
(out)
F

]
, q(in) =

[
q
(in)
L

q
(in)
F

]
, (1)

where displacements of the lower node (indexL) are integrated in subvectors q(out)
L and q

(in)
L and

the displacements of free subsystems nodes (index F ) are integrated in subvectors q(out)
F ∈ Rnout

and q
(in)
F ∈ Rnin . The vectors of nodal points displacements of FR beam subsystems have the

form
q
(X)
F = [. . . , ξ

(X)
i , η

(X)
i , ψ

(X)
i , ϑ

(X)
i , . . . ]T , X = in, out, (2)

where ξ(X)
i , η

(X)
i are mutually perpendicular lateral displacements of the subsystem centres in

nodal points i. Angular displacements ψ(X)
i , ϑ

(X)
i express bending angles of cross-sections

around lateral displacements. The mathematical models of the loosed undamped both sub-
systems in the decomposed block form corresponding to partitioned subvectors according to (1)
can be written as
[
M

(out)
L M

(out)
L,F

M
(out)
F,L M

(out)
F

][
q̈
(out)
L

q̈
(out)
F

]
+

([
K

(out)
L K

(out)
L,F

K
(out)
F,L K

(out)
F

]
+KC

)[
q
(out)
L

q
(out)
F

]
=

=

[
f

(out)
C

fout,in(q
(out)
F , q

(in)
F )

]
, (3)
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[
M

(in)
L M

(in)
L,F

M
(in)
F,L M

(in)
F

][
q̈
(in)
L

q̈
(in)
F

]
+

[
K

(in)
L K

(in)
L,F

K
(in)
F,L K

(in)
F

][
q
(in)
L

q
(in)
F

]
=

[
f

(in)
C

fin,out(q
(out)
F , q

(in)
F )

]
, (4)

where M , K corresponds to mass (stiffness) submatrices of the subsystems and matrix KC

expresses influence of elastic supports. Subvectors fin,out(q
(out)
F , q

(in)
F ) and fout,in(q

(out)
F , q

(in)
F )

express nonlinear impact forces between both continua. The damping is supposed to be propor-
tional (B = αM + βK, α, β ∈ R+) and models of both FR subsystems can be written in the
compact form as
[
M

(out)
F 0

0 M
(in)
F

][
q̈
(out)
F

q̈
(in)
F

]
+

[
B

(out)
F 0

0 B
(in)
F

][
q̇
(out)
F

q̇
(in)
F

]
+

+

[ (
K

(out)
F +KC

)
0

0 K
(in)
F

][
q
(out)
F

q
(in)
F

]
=

[
f

(out)
L (t)

f
(in)
L (t)

]
+

[
fout,in(q

(out)
F , q

(in)
F )

fin,out(q
(out)
F , q

(in)
F )

]
, (5)

where subvectors f
(X)
L (t) = −M (X)

F,L q̈
(X)
L − K

(X)
F,Lq

(X)
L , X = in, out, express the kinematic

excitation by node L motion. The model (5) can be formally rewritten into standard matrix
form for dynamical systems of second order

Mq̈(t) +Bq̇(t) +Kq(t) = fN(q, t). (6)

System represented by n nonlinear second order ODEs (6) can be rewritten into the form of
2n first order ODEs and solved using, e.g., Runge-Kutta method (ode45 in MATLAB). Such
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Fig. 1. Fourier spectra of time response ξU of the upper node for different discretization

a system was analyzed to describe influence of parameters to quality of vibration. In Fig. 1,
the Fourier spectra of time behavior (response to kinematical excitation of lower node) of the
upper node ξU for different discretization of continua are depicted. The analogical analysis was
performed for several radial clearances δ. Obtained results show differences between impact
behavior of such a system with different discretization and an influence of the clearance value.
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Explanation of difference between sequentially linear solvers
in damage mechanics

J. Eliáša
aFaculty of Civil Engineering, Brno University of Technology, Veveřı́ 331/95, 602 00 Brno, Czech Republic

The modelling of fracture in concrete structural components has been under investigation for
several decades. Many efficient and robust material models are available today. Usually, a solu-
tion is obtained by applying load incrementally in a number of small steps in which an iterative
algorithm is employed. The robustness of the chosen iterative scheme is of importance. Prob-
lems with the convergence of iterative methods in the case of bifurcations, snap-backs, sudden
changes in constitutive law, etc., have led to the development of non-iterative methods.

Non-iterative methods can be applied in connection with damage-based saw-tooth consti-
tutive laws composed of linear segments (which when extended pass through the origin of the
stress-strain space) followed by immediate jumps to lower stiffness. The classical load-unload
(L-U) solution method is usually used. This solution method was developed for lattices [5], but
can be applied also in connection with finite element method [4].

The L-U solution scheme proceeds simply by releasing the whole load after every rupture
event and then loading the system with reduced stiffness by a load increment that induces ref-
erence elemental stresses ∆σi, where index i refers to individual elements. The load increment
(and reference stress) is then scaled by factor λ to satisfy the following condition

f(λ∆σk) = 1 ∧ ∀h 6= k : f(λ∆σh) < 1 , (1)

where subscript k denotes the critical element and f() is a stress-based failure criterion which
indicates elemental failure when equal to one. The critical element is damaged or completely
removed and a new stiffness matrix and corresponding reference stresses are evaluated for the
next step. Multiplier λ is selected so that exactly one (critical) element breaks at each step.

Another method applicable to the saw-tooth type of constitutive law is the force-release
(F-R) method developed to simulate brittle fracture in lattice models [3] and to improve the
sequentially linear concept for non-proportional loading paths [2]. The F-R method resembles
dynamic process of redistributing released stresses from damaged elements while the external
load is kept unchanged. During the redistribution, the system evolves from static equilibrium
state through disequilibrium states until the static equilibrium is reached again.

In contrast with the L-U method, the F-R algorithm does not unload to the origin after every
rupture, but keeps the whole previously applied load acting. It starts from an equilibrium state
(initially, the load-free structure) where elements are exposed to stresses σi. As with the L-U
method, reference elemental stresses ∆σi caused by an external load increment are evaluated.
Then, critical element k and load multiplier λ are found by satisfying the following condition

f(σk + λ∆σk) = 1 ∧ ∀h 6= k : f(σh + λ∆σh) < 1. (2)
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Critical element k is damaged. The change in the critical element stiffness gives rise to unbal-
anced forces in nodes connected to this element. Again, Eq. (2) is used but the reference stress
∆σi is now the stress in elements caused by these unbalanced forces only. If no element breaks
during the redistribution, a new equilibrium state is found by adding all unbalanced forces to
the system (λ = 1), else unbalanced forces are updated after every rupture.

It has been shown that L-U and F-R methods yield different results [3]. It is difficult to
judge which method is better, especially for the proportional loading path. Both of the methods
are rough approximations of a complex dynamic process. Therefore, the consideration of time
scales allows some comparison between the methods.

The contribution shows that the F-R method is suitable for processes where the redistribution
is much faster than the reaction speed of the external load, whereas the L-U method is good
choice for systems with long redistribution times compared to the reaction time of the external
load. Moreover, a general method that connects the L-U and F-R algorithm is developed. This
method is essentially nothing else but the F-R method extended to allow the modification of the
external load during redistribution. Let us first define two reference stress variables, ∆σ(L) and
∆σ(S), where the former (with the superscript (L)) is induced by the external load increment and
the latter (with superscript (S)) by unbalanced forces. The F-R method is simply enhanced by
combining the unbalanced force effect ∆σ(S) with stress caused by modification of the external
load ω∆σ(L) during redistribution

∆σ = ∆σ(S) + ω∆σ(L). (3)

The factor ω determines the ratio between these two effects. High ω in absolute value means
that the redistribution is relatively slow compared to the load changes (L-U method) while ω
close to zero means the redistribution velocity is high compared to the external load changes
(F-R method). The reference stress from Eq. (3) is plugged into Eq. (2) and we obtain final
condition which is used to find the critical element and multiplier λ in the general method

f(σk + λ[∆σ
(S)
k + ω∆σ

(L)
k ]) = 1 ∧ ∀h 6= k : f(σh + λ[∆σ

(S)
h + ω∆σ

(L)
h ]) < 1. (4)

The general algorithm can be used for indirect control of the simulation and also in connec-
tion with non-proportional loading paths. Detials and examples can be found in [1].
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One of subjects which plays an important role in science and technology is the mathematical
simulation of fluid-structure interaction. It has applications in a number of areas as, for example,
aerospace engineering (analysis of wing vibrations), mechanical engineering (analysis of vibra-
tions of blades in turbomachines or vibrations of parts of cars), civil engineering (vibrations of
various constructions as bridges, TV towers and cooling towers under the influence of a strong
wind), but also medicine (simulation of blood flow in veins and heart or flow of air in vocal
folds). Problems of fluid-structure interaction are rather complex, which causes that there is a
lack of mathematical theoretical results. Particularly, in the case of compressible flow, not only
mathematical theory is missing, but also the situation in numerical analysis is not satisfactory.
It is caused by several obstacles, which have to be overcome: the dependence of the domain
occupied by the fluid on time, shock waves and contact discontinuities in high-speed flows,
acoustic effects and instabilities in low Mach number flows at incompressible limit, boundary
layers and wakes for high Reynolds numbers and spurious oscillations in numerical solutions
in the vicinity of discontinuities and large gradients (i.e., in internal and boundary layers).

The lecture will be concerned with the simulation of viscous compressible flow in time de-
pendent domains with applications to the interaction of compressible flow and elastic structures.
The motion of the boundary of the domain occupied by the fluid is taken into account with the
aid of the ALE (Arbitrary Lagrangian-Eulerian) formulation of the compressible Navier-Stokes
equations.

This system is discretized by the discontinuous Galerkin method (DGM) using piecewise
polynomial discontinuous approximations. The time discretization is based on a semi-implicit
linearized backward difference formula (BDF) or the time discontinuous Galerkin method. It is
necessary to include a suitable local artificial viscosity in order to avoid spurious oscillations in
the vicinity of internal and boundary layers. It appears that the developed method is accurate,
efficient and robust with respect to the magnitude of the Mach number and the Reynolds number
and allows the solution of complicated practical problems.

The compressible Navier-Stokes equations are coupled with equations describing the be-
haviour of elastic structures under the action of a moving gas. In [2], [3] and [4], the dynamic
linear elasticity initial-boundary value problem is discretized by the conforming finite element
method in space and by the Newmark method in time. Here we shall pay attention to the so-
lution of the dynamic elasticity problem by the DGM applied to the time discretization. The
discretization in time is carried out by the backward Euler (BE) difference or general backward
difference formula (BDF) or DGM in time. We are concerned with linear elasticity model as
well as nonlinear St. Venant-Kirchhoff model. Numerical experiments show that as a most
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accurate technique the space-time DGM appears and gives equally accurate results in the case
of the benchmark as in [5].

Finally, the developed methods for the solution of compressible flow in time-dependent
domains and the dynamic elasticity are used for the simulation of the interaction of compressible
flow with elsatic structures. In the paper [1], the airfoil vibrations induced by compressible high-
speed flow with shock waves is analyzed. In this case, the developed compressible solver is
combined with ordinary differential equations describing the vertical displacement and rotation
of the airfoil. Now our main attention is paid to the simulation of vibrations of human vocal
folds induced by the airflow from lungs.
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Problems and solutions connected with the wet/dry interface
in the mathematical model of the shallow water equations
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Shallow water equations are suitable for the modelling of the free surface flows when the hor-
izontal scales of a liquid mass are much bigger than the vertical scale and vertical flows are
negligible. Mathematical model of Shalow Water Equations (SWE) was described by Berre
Saint-Venant in 1872 and one of its forms written in 1D is

∂

∂t

[
h
hu

]

︸ ︷︷ ︸
W

+
∂

∂x

[
hu

hu2 + 1
2
gh2

]

︸ ︷︷ ︸
F(W)

=

[
0

−gh∂B
∂x

]

︸ ︷︷ ︸
SB

+

[
0
−τf

]

︸ ︷︷ ︸
Sf

, (1)

where W=[w1, w2]T = [h, hu]T is the vector of conservative variables represented by the water
depth h(x, t), and the flow velocity u(x, t), F(W) is inviscid flux, g represents gravitational
acceleration, SB is the bed slope source term, the function B(x) describes irregularities of the
bed, Sf is the friction source term caused by the bed roughness and τf = g n2

3√
h
u|u| is the sheer

stress written in Manning’s formulation [3], where n is Mannings bed roughness factor. This
model is, in this study, discretised by the finite volume method.

Fig. 1. Negative water depth hWi Fig. 2. Corrected water level with hWi = 0

However this method can lead to the negative water depth hWi at the finite volume edge as
shown in Fig. 1. To deal with this problem Kurganov and Petrova [1] suggest replacing the
constant water depth by the linear function at the wet/dry interface. This function is defined as
follows

if hWi < 0 ⇒
{
hWi = 0,

hEi = 2hi +
B
i+1

2
−B

i− 1
2

2
.

(2)
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New corrected water level is shown in Fig. 2. But the correction causes non-physical disconti-
nuity at the point xi+ 1

2
and scheme does not satisfy the ’C-property’ condition. This condition

is satisfied when for the initial conditions u = 0 and h + B =constant, the water remains still,
i.e., when the bed slope source term approximation is equal to the numerical flux.

In [2] can be found the solution of this problem for the bed function approximated in the
middle of the finite volume. For the case when the bed function is approximated at the edges of
the finite volume, in this work is proposed a novel modification of the bed slope source term.

The flux across edge xi− 1
2

is considered to be zero. To satisfy the ’C-property’ the numerical
flux Φi+ 1

2
across the edge xi+ 1

2
must be equal to the bed slope source term approximated as

SBi
= [0,−gh∆Bi/∆xi]

T , where ∆xi is the cell width and ∆Bi is in [1] computed as ∆Bi =
Bi+ 1

2
− Bi− 1

2
. In this work the component ∆Bi is chosen to be modified and the following

equation is solved considering hi = (hWi + hEi )/2

Φi+ 1
2

= SBi
⇒
[

0
−ghi ∆Bi

∆x

]
=

[
0

1
2∆x

g(hEi )2

]
⇒ ∆Bi = − (hEi )2

hWi + hEi
. (3)

The conditions for ∆B can be summarised as

∆Bi =





− (hE
i )2

(hW
i +hE

i )
when hWi < Bi− 1

2
,

(hW
i )2

(hW
i +hE

i )
when hEi < Bi+ 1

2
,

Bi+ 1
2
−Bi− 1

2
other cases.

(4)

This proposed bed slope source term approximation satisfies the ’C-property’ condition.
Another problem rises when a small water depth emerges in the computational area. The bed

friction term becomes non-physically high because of the h in the denominator and friction term
does not stop the flow, as expected, but turns the flow to the opposite direction. The solution of
this problem is discussed in [3]. The second problem connected with the h in the denominator is
the computation of the flow velocity computed as u = w1

w2
= hu

h
. The velocity can also become

non-physically high. In [1] is suggested to compute the flow velocity as u =
√

2h(hu)√
h4+max(h4,εv)

,

where εv is a small constant. This modification solves the problem with the high velocity but at
the other hand causes non-physical behaviour at the front-face of the surge. One of the solution
can be setting of zero velocity at the wet/dry interface as discussed in [4].
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A novel type of hybrid cell composite structure has been developed, experimentally 
investigated and used for many practical applications. The cell system can fill relatively thick 
parts of cross sections of beams with lower risk of shear stress damage and cracks between 
uniaxial oriented fibres. Typical macroscopic sub-cells in the cross section structure are 
formed by the stamping process of partially cured and axially-oriented high modulus carbon 
fibre bundles (“cores”, about 4-6 mm in the diameter), which are wrapped around by a thin 
layer of high strength fibres (“winding”, oriented in ±45 or 89 degrees). This new material 
structure has its own specific stiffness properties and specific damage behavior and failure 
modes respectively, see Fig. 1. 

Presented work is focused on analysis of static damage of composite cell structure, on its 
real progression and computational simulation.  

 
Fig. 1. Example of detail of spindle beam made from 3D cell structure and fracture area of bending sample 

The main application of this structure is for thick-walled or nearly solid beams with 
maximum bending strength. Therefore experimental observations were focused on bending 
configuration and its relative loading states. Beam specimens were tested in four-point 
bending configuration. Loading state was measured with force and deflection sensors and 
with installed strain gauges. Progression of damage was measured with acoustic emission. 
Moreover, fractography analysis was performed on raptured specimens. 

Measurement of failure behaviour of building constituents were performed as well. 
Compressive tests in longitudinal and transversal direction were done on unidirectional 
composites made from ultra-high modulus fibre and from high-strength fibre. Measurement of 
shear failure behaviour was tested in standardized Iosipescu fixture. 

It was stated important contribution of filling pure matrix area and interface layer to 
damage progression. Behaviour of material of matrix in tensile and compressive loading was 
measured. Two different tests were chosen to measure failure behaviour of interface layer, 
normal and shear failure. 
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Complex modelling of damage progression even in a few cells would demands of 
tremendous computational performance. In such limitation homogenization method was 
proposed to simulate of damage progression. Similarly as prediction of static stiffness (see 
[1]), hierarchy (meso-mechanical) approach is used. Modified Non-uniform Transformation 
Field Analysis (NTFA, see [1]) was proposed to simulate it. This method was developed 
originally for the composites with plastic matrix. The aim of the NTFA method is to account 
for the non-uniformity of the plastic strain field. The field of an-elastic strains is decomposed 
on a set of fields, called plastic modes. 

Global damage progression of cell structure acts as quasi ductile material, despite of 
mostly brittle micro-behaviour of building parts themselves. 

Presented solution of damage is based on formulation of damage modes instead of plastic 
modes. Specific type of damage of building parts (core, windings, matrix part and interface 
layers) is taken into account in this approach. Their damage behaviour in each damage mode 
was implemented. Generally, material model of damage modes consists of combination of 
plastic behaviour with subsequent degradation mechanism. Modified NTFA method was 
incorporated into FEM code. 

Proposed modified method was verified in four-point bending test. The experimental 
specimens have a form beams with the rectangular cross-section 30x20 mm. Two different 
loading configurations were tested, bending of “long” and “short” beam. Length of the beam 
was 600mm with the force span of 200mm in the case of “long” beam; and 300mm and 
160mm in the case of “short” beam respectively. Comparison simulated response of 4PB 
bending with the experimental data can be seen in Fig. 2. 

Research of newly formed 
material structure was done. 
Capability of ductile type of 
failure of the cell structure was 
demonstrate despite to quasi 
brittle behavior of constituent. 
Damage progression was 
simulated using modified 
hierarchy homogenization 
method. Proposed modified 
NTFA method has been used 
different formulation of damage 
modes and specific material 
behavior of constituent. 
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Fig. 2. Comparison of experimental data with simulated 
response for four point bending 
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Aeroelasticity is a field of physics which studies movement of structure induced by fluid flow 
comprising effects of aerodynamic, elastic and inertia forces. Solving fluid - structure 
interaction is a complex problem consisting of many tasks such as fluid flow over a structure, 
deformation of loaded structure or remeshing of the computational domain. The main reason 
for solving these problems is to prevent a structure from unstable behaviour which could lead 
to irreversible damages. One of these instabilities is a self-excited vibration called flutter 
which can occur in many industrial applications such as aircraft, turbomachinery etc.    

In our paper, the viscous fluid flow over the airfoil is investigated as a part of the solution 
of the project focused on flutter prediction and modeling of fluid-structure interaction. 
The two-dimensional computational model of NACA 0012 which was used for this study is 
a symmetrical profile with no camber and with a thickness of 12% of its chord length. 
In our case, the chord is 100 mm long so the airfoil maximum thickness is 12 mm. 
The computational domain was meshed by a C-type structured grid containing 330 000 cells 
using GridPro software. The low velocity fluid flow over a non-vibrating and vibrating airfoil 
was modelled using ANSYS Fluent software. Three turbulence models were consecutively 
used to solve the problem: 1-equation Spalart Allmaras model and 2-equation turbulent 
models SST k-omega and k-epsilon with enhanced wall treatment. Numerical simulations 
were first provided for a non-vibrating profile with different angles of attack.  

 

 
 

Fig. 1. Contours of velocity obtained by Fluent, using SST k-omega turbulence model (left) and experimental 
data gained by PIV technique (right), both for a 5° angle of attack 

 

The results achieved by a numerical simulation accomplished by ANSYS Fluent software 
are compared with experimental data gained by the time-resolved PIV technique which is 
described in [2]-[4]. Fig. 1 shows velocity contours as a result of numerical simulation 
compared with experimental measurement, both for a five-degree angle of attack. The dark-
blue field below the airfoil on the right figure is a shadow with no measured data. 

In Fig. 2, the comparison of the velocity distribution along the vertical line placed in 40% 
(left) and 103% (right) of the airfoil chord is shown. Data for the left graph of the Fig. 2 were 
obtained for the case with a zero-degree angle of attack. The results of air flow simulation 
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achieved by a solver based on the discontinuous Galerkin finite element method with Wilcox 
k-omega turbulence model, described in [1], are added to this comparison. The second graph 
compares the velocity distribution along the vertical line placed 3 mm behind the profile 
trailing edge for the case with a five-degree angle of attack. 

 

  
 

Fig. 2. Comparison of the u-velocity distribution along the vertical line placed in 40% (left) and 103% (right) of 
the airfoil chord for 0°(left) and 5°(right) angle of attack 

 

As the next part of the research, the fluid flow over a vibrating airfoil was modelled as a 
rigid structure movement with prescribed displacement and rotation defined by a time-
dependent function. 

A comparison of the results of the air flow simulation over NACA profile obtained 
by ANSYS Fluent with data gained by experimental technique shows the best agreement for 
the k-omega turbulence model. The most significant discrepancy between the experimental 
and the computational results were apparent at the wake area behind the profile. 
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The number of patients with total hip endoprosthesis is still increasing. This problem often 
causes movement restriction and subsequently complication with integration into society. 
Thus some suitable modern treatments and rehabilitations are essential for their efficient help. 
The aim of work is to reconstruct the real recorded motions of orthopaedic patients and to 
perform mechanical analysis of human body. Obtained results provide to the doctors a 
comprehensive description of the mechanical behavior of lower extremities of orthopedic 
patients.  

Five patients performed a 3D motion capture gait analysis of the lower extremity using 
Vicon system. Two time points were considered – pre-operative (t0) and post-operative (t). 
Sixteen retro-reflective markers were used to record performing gait. The patients walked at 
self-selected speed. The ground reaction forces were recorded simultaneously using two force 
plates. Before the recording, the patients were asked to walk on the walkway three times in 
order to acquaint themselves with measurement and laboratory. 

Obtained motion capture data were used to drive the computer musculoskeletal human 
body model available within the open repository of AnyBody Modeling System (AMS) [2]. 
The original model was adapted to the measurement and thus only lower extremity was 
separated and used. This three dimensional model is in general used to estimate the muscle 
and joint reaction forces, muscle activation, overload as well as fatigue. Model consists of all 
major bones, joints and muscles. Bones are modeled by rigid bodies defined by their mass, 
position in 3D space, rotational matrix and inertia. To get the more realistic visualization the 
segments are represented by real bone contours obtained from magnetic resonance imaging 
method. Bones are connected by mechanical joints corresponding to the real anatomy and 
physiology. The muscles are attached to the segments and split into several lines of action 
modeled by string elements. Trajectories of muscle lines are computed by via points or by 
obstacle wrapping method explained in literature [5]. AMS is based on the inverse dynamic 
analysis and an optimization algorithm for muscle recruitment. Whole model is described in 
[4] in more details. The anthropometrical parameters of presented subjects are necessary for 
motion reconstruction. The body proportions were measured respecting the anthropometrical 
standards [1].  

Presented process is shown in schema, see Fig. 1. The hip reaction forces as well as 
muscle activity was calculated for both time points (t0, t). The results for time t0, t1 and the 
data of healthy subjects were compared. 

The model was validated before the use. Three healthy volunteer male subjects were 
invited to perform motion capture gait analysis. The same measurement chain as well as the 
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data processing with the same workflow as for the patient study was performed. The hip 
reaction forces were calculated using AMS and compared with Bergmann’s dataset [3]. 

The purpose of this study was to compare the hip reaction forces and muscles forces of the 
patients before the total endoprosthesis, after this and the healthy subjects. Obtained results 
confirm the significant improvements of patients after the operation even few days after 
surgical intervention. The walking speeds in time t0 and t were similar. The most serious 
problem in time t0 is the asymmetrical loading of the whole human body. This problem was 
eliminated in time t. Moreover the direction of reaction forces generated in the hip joints was 
significantly changed to ensure the joint stability. 

The obvious lack of this study is the use of only lower limbs instead of the whole body. 
Nevertheless the movement of the upper body (such as torso, head and upper extremities) 
significantly affects the lower body behavior. To improve the results the upper body should 
be also considered. Despite that, the model provides sufficient results and thus it could 
already contribute to faster diagnosis, optimize rehabilitations, help to prevent some diseases, 
etc. 
 

 

Fig. 1. The workflow – combination of experimental data with numerical simulation 
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bNew Technologies for the Information Society, Faculty of Applied Sciences, University of West Bohemia, Pilsen, Czech Republic

The flow in channels with characteristic dimension of the order of millimetres is of high impor-
tance for determination of losses of the devices such as small turbines, screw-type compressors
and for investigation of the tip leakage flow. Since most of the contemporary studies deal with
the micro or nano flows, the purpose of this work is to provide a reliable experimental data and
to explore the possibilities of the numerical simulations of the minichannel flow.

The experiments were carried out in the Aerodynamics Laboratory of the Institute of Ther-
momechanics AS CR, v.v.i. in Nový Knı́n. The laboratory is equipped with the wind tunnel of
the indraft type and intermittent operation. For the purposes of minichannel flow examination,
special measurement facility was designed and manufactured. The air enters the test section
directly from the laboratory and flows through the minichannel formed by two parallel steel
plates with polished surface (upper and lower walls) and by the side walls with glass windows.
Then the air continues to the settling chamber, where the back pressure pB is maintained.

Application of classical pressure probes as well as thermoanemometric probes is problem-
atic since the dimension of the probes might be comparable to the height of the minichannel.
Therefore, the pressure measurements were performed using only static pressure taps at the
centreline of the top wall of the minichannel. The pressure in the settling chamber and the
barometric pressure was also measured.

Another data were obtained using optical methods employing Mach-Zehnder type interfer-
ometer in infinite fringe set-up. This technique allows to capture the interferograms - images
depicting the interference fringes that represents the lines with constant index of refraction of
the medium. According to the Lorentz-Lorenc equation it is possible to relate the index of
refraction to density of the medium and thus obtain the density field inside a minichannel [1].

Subsequently the compressible viscous fluid flow in the minichannel was modeled on a sim-
plified 2D geometry, using both commercial software Fluent and an in-house code implemented
in environment Matlab and programming language Java. Favre-averaged system of compress-
ible Navier-Stokes equations is considered and in case of Fluent it is completed by the Menter’s
SST k−ω model and four equation SST Transition model. Using the in-house code, laminar,
turbulent and transitional flow regime was examined. The discontinuous Galerkin finite element
method is applied for spatial discretization of governing equations.

The experiments were performed for the channel of the height 2 mm, length and width
100 mm and various pressure ratios π (ratio of the back pressure to stagnation pressure at the
inlet), however the pressure ratios π were chosen as small to obtain the choked flow conditions
at an exit cross-sectional plane.
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The distribution of the ratio of the static pressure to inlet stagnation pressure can be seen
in the Fig. 1. It can be observed that results correspond well, however slight difference can
be explained by the fact that for the evaluation of the pressure from the interferograms the
assumption of the isentropic flow had to be made.

From the comparison of the experimental data to numerical simulation (Fig. 1), it is pos-
sible to observe that the laminar simulation gives satisfying results in case of interest in the
pressure distribution along the channel axis. To properly simulate also the free outflow behind
the minichannel the turbulence or transition model has to be used. Results obtained form simu-
lation using SST transition model corresponds much better then the other one using SST k−ω
model. It was later explored that the SST k−ω model caused premature development of the
flow and thus different results in pressure distribution.

Another analysis was made in terms of friction factor distribution along the channel length.
To evaluate the friction factor (skin friction) from experiments the Fanno flow model [2] and
corresponding formula was used providing surprising result of decreasing friction factor with
channel length. This result is in contrast to the results obtained from numerical simulation
(Fig. 2). Also the interferograms and the fact that the density profile is uniformizing near the
exit plane might indicate increased friction near the exit.
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Robust method for finding of dispersion curves in a thick plate
problem

P. Horaa, D. Pelikána
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Waves propagation in thick plates is well solvable problem [2]. One of part of task solution is
to find the waveform dispersion curves. This problem has been chosen for the first trial using
interval arithmetic [3], because of its relative simplicity. In calculating the dispersion curves
is needed to quantify the only trigonometric functions, hyperbolic functions, and square roots.
All of these functions are already included in INTLAB [4] and therefore need not to be newly
programmed.

The thick plate is defined as that it has a nonzero thickness d and endless remaining di-
mensions. To calculate the stress wave propagation in plates it is used the integration along the
dispersion curves for thick plates. This dispersion relations is defined as

(
ξ2 − 2

)2
tanh

(
kd
√
1− ξ2

)
− 4 ·

√
1− ξ2

√
1− κξ2 tanh

(
kd
√
1− κξ2

)
= 0 ,

where κ mean the ratio of the squares of the phase velocities for the plate’s material. Due avoid
computation in the complex domain, because of implementation in INTLAB, it was necessary
to divide the dispersive depending equations according to the value of ξ. For each interval are
the equations shown in Table 1. To quantify the equations and finding the waveform dispersion
curves is used interval arithmetic.

Tab. 1. Dispersion equation
(ξ2 − 2)

2 · α− 4 · β · x1x2 = 0

0 < ξ < 1 1 < ξ < 1√
κ

1√
κ
< ξ

x1
√
1− ξ2

√
ξ2 − 1

√
ξ2 − 1

x2
√
1− κξ2

√
1− κξ2

√
κξ2 − 1

α sinh (kdx1) cosh (kdx2) sin (kdx1) cosh (kdx2) sin (kdx1) cos (kdx2)

β cosh (kdx1) sinh (kdx2) cos (kdx1) sinh (kdx2) − cos (kdx1) sin (kdx2)

Interval arithmetic is an extension of arithmetic over real numbers, where for each real
function f(x1, . . . , xn), the interval function F (X1, . . . , Xn) is called an interval extension of
the function f if for each intervals I1, . . . , In function F (I1, . . . , In) returns interval I such that
∀y1 ∈ I1 . . . ∀yn ∈ In(f(y1, . . . , yn) ∈ I). For other applications it is particularly important
the interval Newton method, according to which each continuously differentiable function f
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each interval I must be ∀a, x ∈ I,∃ε ∈ I(f(x) = f(a) + (x − a)f ′(ε). Specifically then,
the function f continuously differentiable on the interval I has all the roots in I in interval
Na = a− (F (a)/F ′(I)), where a is an arbitrary element of I and F, F ′ is an interval extension
function of f, f ′.

For quantification of interval arithmetic was used MATLAB’s toolbox INTLAB, which are
defined not only the basic functions for interval arithmetic, but their automatic differentiation
too [1].

When trying to use the Newton method in INTLAB was needed to solve the problem by
dividing intervals. INTLAB always returns the result 〈−∞,∞〉 for each I/J , where 0 ∈ J .
However, for this case, it was necessary defined alternative way of dividing, when the interval is
divided into two portions, and finding roots thus diverges into two tasks. The actual calculation
is solved in recursive steps. In a single step in the equationNa = a−(F (a)/F ′(I)) is substituted
middle I per a, yielding a new interval J = I ∩Na. This one is used in the next recursive step.
The calculation continues until the result interval width falls under a predetermined accuracy.

Interval arithmetic provides a robust method for finding the roots of the dispersion equation.
For relatively low speed, this method is not suitable to complete the calculation, it is however
possible to use the first approach with low accuracy, or when using the Gaussian integration
method.
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Approximate eigen-solution of linear viscously damped system
with vibration absorber

S. Hračova

aInstitute of Theoretical and Applied Mechanics AS CR, v.v.i.,Prosecká 76, 19000, Prague, Czech Republic.

Existing cantilever structures such as towers, chimneys or poles are often equipped with a damp-
ing device which suppresses undesired vibrations caused by wind load. The structure itself
despite being constructed from different materials can be approximately considered as a lin-
ear classically (proportionally) damped system. It provides easier mathematical modeling and
numerical calculation of modal properties and dynamic response. However, the installation
of the vibration absorber into the structure could significantly change its dissipative properties
and make the complete system non-proportionally damped. The eigen-solution is then more
computationally intensive and can be time-consuming. In this paper an efficient approximative
method for eigen-value calculation of such a type of systems is presented.

If the damping matrix of the linear viscously damped system representing the structure with
absorber can be expressed as:

C = Cp + d · dT, (1)

where matrix Cp is the proportional part of damping matrix, while the product consisting of
vector d stands for the non-proportional part arising from the presence of the absorber, the
eigen-values λ of the complete system are given, see [1], by solving the equation:

1

λ
+

n∑

i=1

d̃i
2

λ2 + λC̃pi,i + ωi
2

= 0, (2)

where n is a number of the eigen-modes of the complete system, d̃i is given by product of trans-
posed i-th eigen-mode and vector d. Element C̃pi,i is i-th diagonal element of modal damping
matrix C̃p calculated from matrix Cp, ωi is i-th undamped angular eigen-frequency of the struc-
ture with absorber. The solution of the j-th eigen-value λj can be sought in a form:

λj = λ0,j + ∆λj. (3)

Symbol λ0,j stands for the known or easily obtained eigen-solution of the same system with,
e.g., different damping properties of the absorber, while ∆λj represents its deviation from the
exact solution λj . Inserting solution (3) into Eq. (2) and performing few mathematical opera-
tions lead to:

n∏
i=1

(
αi,j + βi,j∆λj + ∆λ2j

)
+ (λ0,j + ∆λj)

n∑
l=1

d̃l
2 n∏
i=1
i 6=l

(αi,j + βi,j∆λj + ∆λ2j) = 0,

αi,j = λ20,j + λ0,jC̃pi,i + ωi
2, βi,j = 2λ0,j + C̃pi,i .

(4)
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After expansion of Eq. (4) the numerically favorable simplification consisting in keeping only
the first or the first two powers of ∆λj can be made. Then value ∆λj is easily calculated and
subsequently the eigen-value λj can be determined.

In this paper the accuracy of suggested approach was analyzed for the numerical model of
the existing tower with absorber modeled as one dof. The exactness of the calculated eigen-
solution was investigated parametrically for a set of various damping ratios of the absorber ζd
and constant proportional damping matrix of the structure (structural damping ratio ζ= 0.005).
The eigen-values of the classically damped system were chosen as the reference values λ0
in Eq. (3). In Eq. (4) only the first eight eigen-modes of undamped structure with absorber
were taken into account. The results were subsequently compared with the exact solution and
with commonly used approach based on the neglecting of the off-diagonal elements of modal
damping matrix, see Fig. 1.

Fig. 1. The first four eigen-values λj as a function of damping ratio ζd (solid line – exact solu-
tion; dashed line – traditional approximate solution; dotted line – proposed solution with only
the first power of ∆λj; dash-dot line – solution with the first two powers of ∆λj); ( ∗ - ζd = 0;
◦ - ζd = 0.1; � - ζd,opt = 0.17; � - ζd = 0.3;5 - ζd = 0.4; × - ζd = 0.5 )

The proposed method provided very good accuracy and higher precision in comparison with
results of traditional approach especially for the first, the fourth and higher eigen-values. Dash-
dot lines, i.e., solutions containing the first two powers of ∆λj are almost coincident with solid
lines, i.e., exact solutions. On the other hand, the solution corresponding to the second and
the third eigen-value which are the most influenced by the absorber and connected with its
frequency tuning showed certain discrepancy. The sufficient accuracy below 10% was reached
as expected only in a limited interval (ζd ∈ (0; 0,25)) close to the proportional state. To gain
higher precision author recommends to combine the proposed method with the step method. In
this case the eigen-solution is calculated step-by-step with sufficiently small increment (step)
∆ζd starting from the proportional or known state towards the desired value of ζd. After each
step obtained eigen-values are used as initially values λ0 in the next step of the solution.
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Estimating material properties of PU foam using genetic 
algorithms  

T. Hruš a, D. Cirkl a 
 aFaculty of Mechanical Engineering, Technical University of Liberec, Studentská 2, 461 17 Liberec, Czech Republic 

Polyurethane foam is an important material for example in car industry. By car seat design it 
is necessary to know foam material properties. Different material models were tried to 
describe the mechanical behavior of the foam [2, 3]. 

A new material model was developed on Department of elasticity and strength CTU 
Liberec few years ago [1]. The model is shown on Fig. 1. The model consist of three parallel 
combinations spring-damper with three more components. The friction force (the most left 
component in the picture) depends on the total force of three the spring-damper components. 
All components of the model are 
non-linear, so the total number of 
material constants of this model 
is 27. 

For finding material properties 
of the model was genetic 
algorithm used with success. 

Result from the experiment is 
a set of couples [ti, Fi

exp], which is 
compared with data [ti, Fi

mod] 
obtained from the model. The goal 
is to minimize the difference 
between the experimental and 
model data. 

Fitness function of the genetic algorithm was set as a total difference between 
experimental and computational data and it was adapted for the possibility to compare 
different sets of input data (different magnitude, length, sampling): 

 

 
where 

 

 
Fig. 1. PU foam material model 
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Estimating one set of model data takes (on a common PC) time of order 10-2 sec, because 
of necessity of solving three differential equations (each for one spring-damper pair). Genetic 
algorithm with 101 phenotypes and 102 generations takes approximately 101 – 102 hours of 
core time. This number of phenotypes and generations is high enough to find an individual 
with good fitness (below 5%). A typical result for a complex signal is shown on Fig. 2.  

By analysis of the data produced by genetic algorithms a large fraction (more than 5%) of 
duplications was found. Prevention of evaluation of duplications is a possible way to speed-up 
the program. Other possibility is a fast non-exact evaluation of the model and exact (and time 
consuming) evaluation only of promising candidates. Some of material constants is also 
possible to guess with good accuracy before the start of genetic algorithm. 

Genetic algorithms are useful for finding material constants of our model of PU foam. The 
necessary time is long, but they are possibilities to speed up the process.  
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Fig. 2. A set of experimental data (red) and data from the model (blue). The green area (visible on the 

right side of the graph and in the “peaks“) between the lines corresponds with the fitness 
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Seismic response of piping systems with viscous dampers  
in nuclear power plants 

M. Chlud a, L. Joch a, M. Vašek a 
a Institute of Applied Mechanics Brno, Ltd., Resslova 972/3, Veveří, 602 00, Czech Republic 

Viscous dampers are widely used to ensure seismic resistance of pipelines and equipment in 
nuclear power plants. Damping characteristics of these dampers are nonlinearly frequency 
dependent [3] and thus causing complications in computational modeling of seismic response. 
Engineers commonly use two ways to deal with this nonlinearity:  

The first option is to consider damper by means of “snubber”. This is essentially linear 
spring element that is active for dynamic load and does not resist static loads. Snubber 
behavior during seismic event is described by equivalent stiffness (sometimes called 
pseudostiffness). Equivalent stiffness could be defined by iterative calculations of piping 
natural frequencies and mode shapes taking into account seismic excitation. However in 
complicated structures such as the main circulation loop of nuclear power plant the iterative 
calculation is difficult and could bring significant inaccuracies. From the other hand, the 
benefit of such modeling is a possibility to apply commonly used linear response spectrum 
method for a solution.  

The second option is to describe damping characteristics using suitable rheological model. 
The seismic response is than determined by direct integration of the equations of motion. The 
behavior of dampers is described exactly enough but the calculation and post-processing, 
especially nodal stresses time-histories, are time consuming. 

The goal of this work was to find a methodology for more accurate determination of 
equivalent stiffness and its subsequent use as input parameter for seismic response calculation 
via response spectrum method with all benefits of such approach. 

The procedure is as follows. First, specialized piping program (AutoPIPE) is used for the 
development of computational model. Next step is to determine static response of structure 
and its verification with experimental measurements, if possible. Using script in Python 
language a computational model is converted from AutoPIPE into general finite element 
model in ANSYS system. Four-parameter Maxwell rheological model is used to describe 
behavior of viscous dampers [1]. Seismic load is represented by synthetic accelerograms. 
Newmark algorithm of direct integration of the equation of motion is used to obtain seismic 
response (only reactions and displacements in nodes of interest are necessary). The equivalent 
stiffness is than gained from displacements and reactions as median value of their ratios. 
Received stiffness are subsequently transferred to AutoPIPE program where the seismic 
solution is performed using response spectra method. Finally dynamic response is combined 
with static response and stress assessment according standards is done. 

The created methodology was applied in the seismic resistance calculation of the main 
circulation piping of nuclear power plants [2]. The computational model (Fig. 1 and Fig. 2) 
consists of a reactor pressure vessel, connecting pipelines, main circulation pump, steam 
generator, steam pipeline, feed water pipeline and emergency cooling pipeline. 

47



  

Fig. 1. Computational model in AutoPIPE Fig. 2. Computational model in ANSYS 

Circulation loop is damped by GERB VD-630/426-15 absorbers (12 dampers mounted on 
steam generator, 3 on main circulation pump and one on steam pipeline) and GERB VES-
100/V40/H80 (2 dampers mounted on pump engine). Dampening capabilities of viscous 
dampers are illustrated in the following Table 1 via horizontal displacements of the centers of 
the steam generator and main circulation pumps. Table 1 also compares displacements 
computed from response spectra method and time-history analysis. You can see that the 
response spectra method provides slightly conservative results compared to direct integration 
of equation of motion. 

 
Table 1. Horizontal displacement in points of interest 

Without dampers 
response spectrum method 

With dampers 
response spectrum method 

With dampers  
time-history analysis Point of interest 

x [mm] y [mm] x [mm] y [mm] x [mm] y [mm] 
-3,1 -2,9 Steam generator 

centre 
14,8 14,4 3,8 3,9 

3,2 2,8 
-2,1 -2,3 Circulation pump 

centre 
15,0 16,5 2,5 2,8 

1,8 1,8 

 
This paper presented a methodology for determining the seismic response of complex 

piping systems with viscous dampers. The presented method is sufficiently precise and allows 
obtaining results in effective time. 
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Crack propagation under nonzero mean combined loading 
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Proposed scientific research brings new knowledge about crack propagation during tests 
which were performed and presented in [1]. These tests were unique by combination of 
normal and shear mean stresses. The mean values in normal and shear components were 
proposed in the ratio 3:2 in agreement with the coefficient kc which corresponds with ratio of 
fatigue limits in tension and torsion. Except for static pre-stresses in both stress components, 
the conception includes one dynamical normal component with sinusoidal 10 Hz loading. The 
specimens were tubular with 30 mm diameter, wall thickness 2 mm and a notch in the shape 
of one-sided transverse hole of diameter 3 mm positioned in the middle of the specimen. The 
specimens were made of structural low carbon steel ČSN 41 1523.1 after normalization 
annealing. The experiments were carried out on an electrohydraulic computer-controlled 
testing machine Inova ZUZ 200-1. 

The locations, directions and growth rates of fatigue cracks have been explored on surface 
of transverse notch area in tested tubular specimens. The growth rate serves for determination 
of constants C and n in the Paris law for linear propagation and for possibility of residual 
lifetime assessment. A detection device enables optical tracking of crack end position changes 
in two orthogonal coordinate planes, and visual reading of position values from scales. 
Measured displacements should be recomputed on the specimen rounded surface. It implies 
that a final transverse coordinate is obtained as a product of tube radius and an angle, which 
comes as a difference from the former coordinate. The origin of coordinates coincides with 
the specimen longitudinal axis. The cracks usually grow in four quadrants under combined 
tension-compression and torsion loading. The dynamic components are always decisive for 
direction of fatigue crack propagation in the part subjected to a combination of static and 
dynamic components of stress [2]. The static components have an influence on growth rate, 
because in case of positive pre-stress crack front opens, and it affects the overall life [3]. 
Therefore in this conception cracks were always created in pairs. 

a) b) c)  
Fig. 1. Crack propagation in specimens which were loaded with combined pre-stresses σm = 90 MPa and  

τm = 60 MPa and normal stress amplitudes a) 100 MPa, b) 110 MPa and c) 130 MPa 
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The experiments with stress mean values σm = 90 MPa and τm = 60 MPa provided the level 

of fatigue limit σcm = 90 MPa from 5 specimens. The crack propagation monitoring was 
performed under normal stress amplitudes 100, 110 and 130 MPa. The results are indicated in 
Fig. 1. The differences were only in the growth rate corresponding to the loading intensity. 
The dependence of crack length on cycle number is displayed in fig. 2 where the black curves 
represent both cracks and red one their average. 

a) b) c)  
Fig. 2. Curve of fatigue crack development in specimens which were loaded with combined pre-stresses  
σm = 90 MPa and τm = 60 MPa and normal stress amplitudes a) 100 MPa, b) 110 MPa and c) 130 MPa 

 

Fig. 3 shows the dependences of the above crack growth rates on the range of stress 
intensity factor ∆K, and also the regression curves passing through all the plotted points. 
These functions correspond to the known Paris law. The average values were used for 
composition because every crack has an influence on damage of material. 

 

a) b) c)  
Fig. 3. Curve of fatigue crack growth in specimens which were loaded with combined pre-stresses σm = 90 MPa 

and τm = 60 MPa and normal stress amplitudes a) 100 MPa, b) 110 MPa and c) 130 MPa 
 

All three crack growth observations confirm that the static component has an influence on 
crack growth rate and as far as a direction of crack propagation is concerned, only character of 
dynamical components plays role. 
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Virtual simulation of a traffic barrier 

M. Kalinský, J. Trubač 
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Nowadays road restraint systems are a common part of the infrastructure. It is an active safety 
component that is designed to prevent vehicle from leaving and to mitigate consequences of 
a crash on the crew. The number of people killed and injured on the roads in the Czech 
Republic is still high, despite the effort of experts and manufacturers of active and passive 
safety components. 

A design of a traffic barrier is based on EN 1317 European regulation in the Czech 
Republic. This regulation exactly defines characteristics and requirements (e.g. theoretical 
values of impact forces) which have to be met. However, the real values of forces might be 
significantly higher (up to five times), which is mentioned in documents for overloaded 
construction design. Within the research of traffic barriers, some workplaces (eg. Aachen 
University, TNO Delft, Klokner Institute) have been engaging in a more accurate conception 
of the crash process, which is more meaningful and reliable than above mentioned theoretical 
impact force. 

TÜV SÜD Automotive GmbH, mostly Passive Safety department deals with traffic 
barriers crash testing. This department has a testing track for a comprehensive range of crash 
tests and it represents the important institution for traffic barrier testing in Europe.  

TÜV SÜD Czech by means of Computer aided services have been dealing wih computer 
modelled crashes of vehicles to a traffic barrier and put these methods in place. For the 
simulation purposes, commercially available solver for nonlinear problems from ESI Group - 
Visual Environment is used. Numerical simulations of impacts as required by EN 1317 are 
performed. There are models of light passenger cars, buses and lorries in the company 
database. Computer aided services are currently one of the participants of Technology Agency 
of the Czech Republic (TA CR) project - Využití spolehlivostních metod při výzkumu 
a ověřování inovativních silničních svodidel (Use of reliability methods in research and 
verification of innovative road barriers). 

This project deals with the development and validation of the new innovative traffic 
barrier, which meets the requirements of the applicable regulations. The new traffic barrier 
has to not only be able to retain a bus on the road, but it also contains structural modifications 
aimed at safety and protection of motorcyclists during an accident. Structure with modified 
design better protects against dangerous contact with posts and anchoring elements which 
represent the greatest danger for motorcyclists. 

One of the main objectives in TA CR project solution is a methodology development how 
to simulate a vehicle crash into the traffic barrier. Replacement of the real test by a numerical 
simulation has a great importance in the design of traffic barrier, its optimization and 
validation of so called modified traffic barrier as well. There is only slight difference between 
the original approved type and the prototype. The extent of these design modifications is 
exactly defined in EN 1317 regulation. Nowadays it is not possible to completely replace 
crash tests with simulations. Even so, the creation of this methodology is generally supported 
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by the traffic-engineering institutions. It is obvious that its use helps to reduce the total cost of 
development, the possibility of rapid tests repeatability, design modifications and thorough 
results research. 

The basis of the success of the project is to prove the adequate conformity of theoretical 
calculations with real tests. At this stage, wide experience with crash tests of colleagues from 
TÜV SÜD Garching - Department of passive safety is applied. 

Traffic barrier design 

To ensure the correct behaviour of the newly designed road restraint system crash tests are 
performed, as an example is an impact of a heavy truck (38 tons), which hits the traffic barrier 
at the speed of 65 km/h, at the angle of 20°. The current level of FEM software allows to 
simulate highly detailed models and to analyze the relatively wide range of output data. The 
main disadvantage of simulations is how to achieve a reliable behaviour with the minimal 
amount of data. Therefore, it is necessary to perform number of real static and dynamic tests, 
such as tensile test or a hammer drop test of a steel post to describe the material behaviour and 
to perform its validation. 

The impact itself is from the viewpoint of physics a combination of deformation 
characteristics of the traffic barrier and a vehicle. Due to computational demands, it is 
possible to simplify some parts, which means replacing components with simplified shape 
bodies. If this is the first simulation, this approach is possible, but not acceptable for 
a preparation of a real and predictive model. In this case, a virtual vehicle has to have a same 
response as a real one. This means that the model should contain not only a validated material 
model but also and a kinematic model of suspension, steering, etc. 

Even though there is a trend in the current technical practice to include numerical 
simulations to the testing methods and therefore to minimize the number of physical tests, it 
can´t be assumed that a new type of the traffic barrier will be approved only based on the 
results of computer simulations. Ideally, it is possible to reduce the number of the real tests to 
the only one – a homologation test.  

Actually there is nothing which could perfectly replace physical tests, therefore virtual and 
physical tests will continue to supplement themselves in the near future. 
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Influence of noise reduction on the propeller performance
J. Klesa
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Noise reduction of propellers is considered as a very important issue in aviation. Principal
means for the noise reduction are decrease in blade tip Mach number, i.e., lower propeller
diameter and RPM, and increase in number of blades. All these measures influence propeller
performance and thus also efficiency. The main aim of this paper is to explain and correct some
common misunderstandings about this subject.

According to the aeroacoustic theory of Gutin [3] propeller noise can be reduced by in-
creasing of the number of propeller blades and by decreasing of the blade tip Mach number.
This influence is investigated at the example of a propeller for the small transport propeller
represented by Let L-410UVP with the engines M-601.

The propellers are designed for the maximum cruise speed conditions. The novel method
for the aerodynamic design of a propeller [5] is applied. It is based on the blade element method
and represents generalization of [2] for any number of propeller blades. Blade element method
was verified on the comparison with the experimental data from [4]. Aerodynamic data of the
airfoils from the ARA-D family [1] are used for aerodynamic design of the propeller.

Firstly the efficiency for 2, 3, 5, 10 and 20 blades is investigated for the propeller diameter
from 1.5 to 3.0 meters. Results are presented in Fig. 1. Propeller RPM are set to 2 080 which is
the nominal value for the M-601 engine.

The efficiency for the blade tip Mach number equals to 0.5, 0.7 and 0.9 is computed for the
the propeller diameter from 1.5 to 3.0 metres. In this case, it is assumed that propeller RPM
for each propeller diameter is set so that required value of blade tip Mach number is reached.

Fig. 1. Dependence of the propeller efficiency on the diameter and number of blades, engine
with 2 080 RPM
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Fig. 2. Dependence of the propeller efficiency on blade tip Mach number for the propeller with
2 blades

This means that the engine gearbox must be modified according to this condition. Results are
presented in Fig. 2.

Fig. 1 gives clear proof that increasing of the number of propeller blades has positive in-
fluence on efficiency. Influence of the number of blades becomes smaller for higher propeller
diameter. This corrects common mistake which can be often found in the literature. For noise
reduction it is also recommended to use as many blades as possible. Fig. 2 shows that noise re-
duction by the decrease of the blade tip Mach number has negative influence on the efficiency.
In this case has noise reduction negative influence on the propeller efficiency, so as high blade
tip Mach number as possible should be used so that noise regulations are fulfilled.
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Component-wise partitioned finite element method for wave
propagation and dynamic contact problems
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An explicit time scheme for finite element computations of wave propagation problems in solids
and contact problems is presented. The presented algorithm, with the component-wise partition
of equations of motion to the longitudinal and shear parts, is designed to more precisely inte-
grate wave propagation in accordance with their different propagation wave speeds [1, 4]. The
scheme is a modification of the conventional central difference method in the connection with
the pullback interpolation with the time step size satisfied the CFL limit for each element-by-
element partition of equations of motion.

The suggested three-time step integrator is fully explicit with the diagonal mass matrix,
of second-order accuracy, conditionally stable and exhibits minimal sensitivity behaviour on
stable time step size. We present several numerical tests of wave propagation and dynamic
contact problems to show accuracy and performance of the proposed method.
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Fig. 1. Impact of elastic cylinders [2, 6]. (a) Theoretical position of wave fronts at the time
t = 2a/cL, where cL is the speed of longitudinal wave and a is the cylinder radius. (b) Dimen-
sionless distribution of axial stress σ∗

zz = σzzcL/(Λvo) along the line r/a = 0.05 in comparison
with analytical data [6]. Λ marks the Lamé constant and v0 denotes the impact velocity.

The algorithm has been successfully implemented in the predictor-corrector form [3] into
an open source research code Tahoe [5]. As a numerical example, we show wave propagation
in impact problem of elastic cylinders [6], for scheme see Fig. 1a. Stress distributions σzz along
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the line r/a = 0.05 obtained by the central difference method, the Newmark method and the
proposed method compared with the analytical results [6] are presented in Fig. 1b. One can see
in Fig. 2. that the proposed scheme gives the stress distributions without spurious oscillations
unlike the central difference method and the Newmark method.
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Fig. 2. Distributions of axial stress σzz (in GPa) in impact problem of elastic cylinders at the
time t = 2a/cL: (a) the central difference method, (b) the Newmark method (c) the proposed
method. The cylinder is made of steel, the radius a = 2.5 mm, the length L = 6.25 mm, the
impact velocity v0 = 1 m/s.
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Isogeometric analysis in free vibration problems
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The paper is devoted to numerical solution of free vibration problems for elastic bodies [6] by
means of a spline based finite element method (FEM), called Isogeometric Analysis (IGA) [1].
It has an advantage that the geometry is described exactly and the approximation of unknown
quantities in the Galerkin approximation framework is smooth due to higher-order continuous
shape functions. IGA exhibits very convenient convergence rates, small frequency errors for
higher frequency spectrum and small dispersive pollution [3].

In this paper, the IGA strategy is used in computation of eigen-frequencies of a block and
cylinder as benchmark tests [2, 4]. Results are compared with the standard FEM, the Rayleigh-
Ritz method and available experimental data. The attention is also paid to the comparison of
convergence rates, accuracy, and time-consuming of IGA against FEM.

(a) (b)

Fig. 1. Examples of (a) the first and (b) the sixth non-zero eigen-modes of a glass block [2]

The potential of isogeometric analysis in resonant ultrasound spectroscopy measurements
[5] of elastic properties of general anisotropic solids and modelling of free vibration of func-
tionally graded structures and heterogeneous solids are discussed.
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Fig. 2. Convergence rates of IGA, FEM and the Rayleigh-Ritz method in free vibration
of an elastic block [2, 4]: (a) the first eigenmode, (b) the sixth eigenmode
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Analytical solution of the film flow on the inner surface of the 
pipe driven by the flow of the wet steam 

M. Kořista a 
 a Siemens, s.r.o., odštěpný závod Industrial Turbomachinery, Olomoucká 7/9, 618 00 Brno, Czech Republicic 

Flow of wet steam in pipes is a very common case in every power plant utilizing 
Rankine−Clausius cycle. The fluid entering the pipe is a two phase single component 
substance with homogeneous distribution of the moisture content in form of small droplets of 
the liquid phase with a wide spectrum of the droplet radii. Generally the pipe wall is non 
adiabatic with a wettable inner surface. The interaction of the pipe wall with the fluid results 
in splitting of the homogeneous entering flow. The equilibrium state of the fluid interacting 
with the wall is different than that of the entering state. The flow is split into two flows of 
different moisture content. Liquid film flow occurs on the pipe wall. In this study high quality 
of the pipe insulation is expected and the pipe wall is treated as adiabatic. This assumption is 
acceptable for large, well insulated pipes. Due to the adiabatic wall condition the film created 
on the wall has to be part of the liquid phase of the entering moisture content. (For 
non−adiabatic case the heat flux of the wall has to be considered and the film mass flow rate 
is increased by the condensation contribution.) In either case the liquid separation from the 
homogeneous flow entering into the film decreases the moisture content in the core flow 
which remains two phase. Subject of this study is the adiabatic wall. From the technical praxis 
it is known that the liquid film is spread around the whole pipe circumference independently 
if the pipe is vertical or horizontal. That fact supports the adopted assumption that the gravity 
effect can be neglected from the investigation as negligible. Focusing on the straight circular 
pipes as the most common case the surface tension effect can be avoided too since the film 
surface under the above specified conditions has to be cylindrical and concentric with the 
inner pipe surface since it is experimentally known the pipe radii is much greater than the film 
thickness. The film surface is cylindrical because of the existence of equilibrium i.e. the film 
thickness is constant for a constant given mass flow. Under the above specified conditions the 
mass flow split of the two phase pipe flow is governed by the principles of incompressible 
viscous flow if the Mach number is low. The common mathematical model of the film and 
core flow is obtained when the equations for incompressible viscous flow are applied 
separately on film and core regions and the equations for coexistence of both regions are 
added. The film surface is mathematically treated as an infinitely thin solid wall dragged on 
the inner side by the shear stress of the core flow while it is sliding on the liquid film. On the 
outer surface of this abstract wall acts drag in the opposite direction caused by the film 
between this wall and physical inner surface of the pipe. The equilibrium of the abstract wall 
occurs when the wall moves with constant velocity. The first equation of the coexistence of 
both regions implies from this equilibrium in form of the shear stress equilibrium of the film 
and core on the abstract wall. The second equation of the coexistence is implied from the fact 
that the streamlines of both regions in the meridian section are parallel for the stationary case 
(developed velocity profile). This condition implies a constant pressure drop in both regions 
at the finite pipe length. Mathematically this can be expressed as the equality of the first 
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derivative of the pressure along the pipe length for both regions. Complexity of the problem is 
reduced to the laminar film flow and turbulent core flow. Analytical models of both flows are 
used. The laminar flow is integrated for film flow with inner moving wall in the concentric 
gap and the power law of 1/7 is used for turbulent core. The complete set of equations is 
treated by software for symbolic algebra calculation “Maxima”. The complete mathematical 
model consists of nonlinear equations for equality of the shear stress on the film surface, film 
thickness, velocity of the film surface and equality of the pressure derivatives in the film and 
core. Any analytical solution in Maxima is impossible. The practical guide for quick 
estimation of the film thickness provides the following formula solved for mean steam 
velocity calculated for the wet steam. 
 

 
 
In this equation, 1,1, gwgw ν  are the mean velocity and kinematic viscosity of the wet steam in 

the core flow, 000 ,, xVL ρρ  the density of the saturated liquid and vapor and moisture content 

of the core flow δµ ,, ffw  are the surface film velocity, dynamic viscosity and thickness of 

the film, R  is pipe  radius, 3164,0=Bc  is Blasius constant [1] and xdp is pressure drop per 

one meter of the pipe. 
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Fracture mechanics of composite materials – determination and 
representation of stress coefficient terms 
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The increasing use of fibre reinforced composites has brought a renewed interest in the 
analysis of cracks, notches and multi-material corners in anisotropic materials. In the case of 
anisotropic materials, a number of elastic constants must be handled during calculations. To 
this end, Lekhnitskii –Stroh formalism of plane strain elasticity [1] is a very efficient tool. 
Existence of the material interface in composite materials, especially in laminated structures 
and/or layered structures brings a specific problem in the crack analysis. As an example, a 
problem of cracks terminating at the interface of two generally anisotropic (most often 
orthotropic) materials, or problem of cracks lying on the interface could be mentioned. A 
similar situation can be encountered in the technology of protective surface layers. The 
assessment of the behaviour of the mentioned general stress concentrators requires a good 
knowledge of the stress field in the vicinity of the singular point. The problem complexity can 
be further increased due to presence of the bridging fibres which can significantly influence 
the stress field. Understanding of the competition between the crack penetration and 
delamination is essential to correctly assess the reliability of given structure. Apparently, an 
effective technique needs to be worked up to handle these problems. 

In most of the geometrical and material configurations of a bi-material corner (special case 
is a crack impinging at a bi-material interface), there are two singular terms in the stress 
distribution at its tip. Contrary to a crack in a homogenous material or a crack at a bi-material 
interface, the stress singularity exponents differ from 1/2 and the corresponding generalized 
stress intensity factors belong to both the normal and shear modes of loading. Anisotropy 
usually lifts a degeneracy of the singularity exponents and strongly influences the direction of 
crack penetration across the interface. Because the elastic T-stress and other coefficients of 
the higher-order terms play an important role in fracture mechanics such as the stability of 
crack kinking, crack path, and two-parameter characterization of elastic-plastic crack tip 
fields, determination of all the coefficients in the crack tip field expansion is crucial. Since the 
standard computational procedures such as singularity elements with nodes moved to the 
quarter points or the path independent J integral do not apply, conservation laws of elasticity 
and Betti’s reciprocal theorem, together with selected auxiliary fields are more convenient for 
the determination of stress coefficient terms. The reciprocal theorem of elastostatics states that 
in the absence of body forces and residual stresses the following integral is path independent 

( ) ( ) ( ), dij i j ij j in V n U s
Γ

 Ψ = σ ⋅ ⋅ − σ ⋅ ⋅ ∫U V U V ,   (1) 

where Γ is any contour surrounding the crack tip and U, V are two admissible displacement 
fields and ( )ijσ U and ( )ijσ V  are the corresponding stress fields. The asymptotic expansion 

of displacements U(x) is possible to write in the following form [2] 
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where H1 ,H2 are the generalized stress intensity factors, ( ) ,  1,2i i =u θ  are angular 

distributions of displacements in the corresponding leading terms of the asymptotic 
expansion, and ( )3u θ  is the angular distribution of displacements corresponding to the T-

stress. If the displacement fields ( ) ( ) ,i
i ix rδ= =U uu U θ  ( ) ( )j
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solving the eigenvalue problem are considered, it can be proved that the contour integral Ψ is 
equal to zero for -δi ≠ δj and non-zero if -δi = δj. Since the basis function corresponding to the 
coefficients k1=H1, k2=H2, k3=T in the asymptotic expansion for U 
are ( ) ( ) ( )31 2
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where ( )1 1
1 1,r rδ −δ

−Ψ u u  is computed analytically along the path Γ1 surrounding the crack tip 

with diameter approaching zero, while ( )1
1,r −δ

−Ψ U u  is computed along the path Γ2 which is 

any remote integration path with a finite diameter. Thus, the GSIFs H1= k1, H2= k2 can be 
computed as follows: 
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Since the exact solution U is not known, a finite element solution Uh can be used as an 
approximation for U so to obtain an approximation for GSIFs. Similar arguments which lead 
to Eq. (4) apply also for the T-stress calculation. 

The use of a classical fracture criterion in the vicinity of an interface is questionable as 
already mentioned by Atkinson [3] because the singularity exponent is different from the 
classical value 1/2. This problem can be resolved by introducing the concept of finite crack 
extensions a instead of infinitesimal one. In the lecture, also the concept of the Finite fracture 
mechanics (FFM) will be presented. FFM and the matched asymptotic expansion method 
together with FEM are used to derive the change of the potential energy induced by the crack 
increment of finite length. The principles of the matched asymptotic expansion method will 
be introduced and then several examples of fracture mechanics problems of composite 
materials will be illustrated. 
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Comparison of numerical simulation and experiment in case of
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The design of a composite footbridge using a finite element method (FEM) model is the aim
of the research project TA02010501. A box beam concept is used in the footbridge design [3].
To validate the FEM model, bending tests of composite rectangular tubes were done using the
Zwick/Roell Z050 testing machine [2]. In this work, the bending tests were extended. A steel
pad was inserted between a compressive element and a sample for more uniform distribution of
loading (see Fig. 1). The aim of this work was to compare the failure of the tubes in case of
the FEM model and the experiment and to determine a safety coefficient for the load capacity
evaluation of the footbridge.

Fig. 1. Bending test: a) buckling of sample A, b) failure of sample A, c) failure of sample B

Two types of samples (tubes) were tested. Both types consisted of glass fibres and epoxy
resin. Sample A consisted of two outer chopped strand mat (CSM) layers and two inner unidi-
rectional (UD) layers. Sample B consisted of six biaxial non-crimp fabric (NCF) layers. The
pultrusion technique was used for manufacturing of the samples. Elastic and strength parame-
ters of the composites were provided by a manufacturer (5M).

Performed tests were numerically simulated using the Abaqus 6.12 finite element system.
4-node shell elements were used for the composite tubes, 8-node brick elements were used for
the steel pad, the steel compressive element, and steel supports (see Fig. 3). Friction between
these parts of the simulation was neglected. The maximum stress theory was used to determine
failure [1]. Analyses with and without large deformation assumption were compared.

The type of the deformation assumption did not significantly influence results of the model
of the sample B. However, significant differences were observed in case of the sample A. A
local buckling of the sample A before its failure was the reason. The buckling of the sample A
in case of the experiment and the model is obvious from Fig. 1 and Fig. 2, respectively. Critical
stresses were the stress in the tube transverse direction (Sample A – see Fig. 2) and the stress in
the tube longitudinal direction (Sample B – see Fig. 3).
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Fig. 2. Transverse stress [Pa] in inner UD layer under ultimate deflection (steel pad is hidden)

Fig. 3. Longitudinal stress [Pa] in outer NCF layer under ultimate deflection

The location of the failure determined in the numerical simulations was in sufficient agree-
ment with experimental results (if large deformations were assumed in the model of the sample
A). Based on comparison of ultimate forces in experiments and models, it was determined that
the value of the safety coefficient for the load capacity evaluation of the footbridge should not
be less than 3.
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An investigation of stochastic resonance using the Fokker-Planck
equation and finite element method
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The stochastic resonance (SR) belongs to the nonlinear dynamic phenomena with a decisive
role of the random noise. It has been observed and studied in a large variety of different areas
of physics, e.g., in modern communication technologies, in a laser optics or in ferromagnets
and ferroelectrics, see [4]. It was found even in the biological systems [1] or recently also in
the problems of a wind induced vibration [5]. The physical mechanism of SR consists in the
synchronization of concurrently acting additive deterministic input (such as periodic forcing)
and random excitation (such as additive white noise) in the nonlinear oscillator with double-
well potential. With optimal dose of noise, the periodicity of the activated hopping response
between the local equilibrium states (potential minima) reaches its maximum.

The transition response of such a noise-controlled stochastic system can be investigated
by various methods. Two-state theory or continuous-state theory [2] have been successfully
used in the majority of studies on SR resulting in the main quantitative characteristics such
as Spectral Power Amplification (SPA), the Signal-to-Noise Ratio (SNR) or the residence-time
distribution density. In this paper, the Finite Element Method as a tool for the numerical solution
of corresponding Fokker-Planck Equation (FPE) is introduced. By solving the periodically
driven differential equation:

∂p

∂t
= − ∂

∂x1
{x2p} −

∂

∂x2

{[
x1 − x31 − x2 + A cos (ωet+ φ)

]
p
}

+D
∂2p

∂x22
, (1)

time-dependent Probability Density (PD) of residing p(x, t;φ) can be calculated. This equation
describes the stochastic temporal diffusion processes with periodically varying coefficients of
drift. The system has assuming unit mass and viscous damping in a symmetric double-well
potential U(x1) = −0.5x21 + 0.25x41. The term A cos (ωet+ φ) refers to the periodic excitation
with amplitudeA, ωe is forcing frequency and φ indicates the phase shift. The variableD stands
for the noise intensity being proportional to the Gaussian white noise.

The FEM efficiency when solving FPE which follows from the Duffing stochastic differen-
tial equation without external harmonic forces was already studied by the authors in [3]. With
the periodic force taken into account, certain difficulties arise due to the time inhomogeneity
of the corresponding stochastic process. Let us solve Eq. (1) in the Galerin-Petrov meaning on
the piecewise smoothly bounded domain Ω ∈ x1 × x2 in Rd, d = 2. The initial and boundary
conditions are p(Ω, 0;φ) = p0 and p(∂Ω, t) = 0, respectively. After a spatial discretizating of
Ω onto the rectangular finite elements using the bilinear approximation functions, the system of
ordinary differential equations emerge with global matrices M, K(t) and vector of PD values in
nodes of the mesh. The matrix K(t) is time-dependent due to the periodic perturbation entering
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Fig. 1. Probability density distribution in SR state (left); Quantitative characteristics Signal-to-
Noise Ratio, see [2], and amplitude Ap as a function of noise intensity D (right)

the drift term of FPE. The deposition of the individual matrix elements to the global matrices
and the temporal numerical integration are carried out using the COMSOL MULTIPHYSICSTM

software.
Since the convection indicators of SR are not applicable in this approach, other way of

treating the stochastic response in SR regime is adopted. As a specific measure of optimally
selected noise intensity, the integral value of PD distribution over one potential well, x1 ∈
(−∞, 0), for various D is introduced as:

PN(t;D) =

∫ ∞

−∞

(∫ 0

−∞
p(x1, x2, t;φ;D)dx1

)
dx2 (2)

that is periodic in time with the amplitude Ap(D). The stochastic resonance occurs for such D
for which the amplitude Ap(D) assumes its maximum. Fig. 1 left shows a typical PD function
as an approximation solution of Eq. (1) in the stochastic resonant state. In Fig. 1 right, the
amplitude Ap(D) of the periodic component of the integral value (2) vs the noise intensity D
is plotted complemented with SNR characteristic based on theoretical and simulation models,
see [2] for details. As evident, the peak values of all curves coincide at D = DSR where DSR

is intensity at the stochastic resonance. This point represents the highest probability that the
response will jump from one basin to the other with period ωe. The probability of switching
equals to the amplitude Ap(DSR) = 0.94.
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Flow of non-Newtonian fluid  
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The paper provides an introduction to the numerical solution of non-Newtonian fluid flow. In 
this contribution we limit ourselves to the case of the isothermal flow of a viscous 
incompressible fluid. In order to incorporate the effect of the strain rate on the fluid 
characteristics the power-law fluid model is employed. This well-known type of the 
generalised Newtonian fluid is then used for a demonstration of the two-dimensional flow. 

When deriving the governing equations describing the fluid flow, the standard Eulerian 
approach is used. If the hydraulic pressure term is separated from the fluid stress tensor and if 
the density is considered to be constant (incompressible material, ijijij pT τδ +−= ), then the 

Navier-Stokes and continuity equations of the fluid motion have the form [3]:  
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where Ω  is the spatial domain upon which the fluid motion is described, iv  are the 

components of the velocity vector of the fluid, ρ  is the density, ix  are Euler`s (spatial) 

coordinates, p  is the pressure, if  is the specific body force vector and ijT  is the extra stress 

tensor. In order to solve the flow equations, one needs to determine the initial conditions at 
time 0tt =  in the domain Ω  and the boundary conditions on the boundary Γ of Ω in general. 

The following boundary conditions are specified: ii gv =  on UΓ  and ijiji hn == τσ  on σΓ , 

where iσ  is the traction, in  is the unit outward normal vector to σΓ .  

The constitutive equation of the power-law fluid may be written as [4] 
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where n  is the power-law index, K  is the consistency factor and )(γµ &  is the apparent shear 
viscosity. Using Galerkin’s method for deriving the weak solution and considering 
constitutive equation, the initial integral relations have a form [2] 
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In the following, a spatial discretisation of a domain filled by a fluid using finite element 
method (FEM) is performed for a steady flow in a plane. Using isoparametric interpolation 
functions, the velocity components (v u v v1 2= =, ) and pressure p can be approximated as [1] 
 

 )(),(),,(   );(),(),,(   );(),(),,( ttpttvttu TTT pHvNuN ηξηξηξηξηξηξ === ,  
 

where N and H are vectors of interpolation functions defined locally for each element and u, 
v, p are vector of nodal quantities of velocity and pressure components. From these relations 
we obtain three equations in matrix form 
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This matrix form represents a system of non-linear algebraic equations for unknowns u, v, p 
which can be solved by an iteration method.  

The solution of the above-mentioned problem was tested for a stationary isothermal 
laminar flow of incompressible viscous non-Newtonian fluid with power law model of 
viscosity. Because of clearness and good presentation of results, simple two-dimensional non-
Newtonian fluid flow in horizontal channel was solved. Numerical results for 66.8=K  and 

585.0=n  (pseudoplastic non-Newtonian fluid) are demonstrated in Fig. 1 (apparent viscosity 
distribution) and Fig. 2 (velocity and pressure distribution).  

 

         
      Fig. 1. Apparent viscosity distribution                           Fig. 2. Velocity and pressure distribution 
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Algorithmization issues of flat end check method  
according to EN 13445-3 

T. Létal a 
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Design assessment procedure of flat ends with relief groove and flat ends directly welded to 
the shell according to EN 13445-3 [1] involves coefficient C2, which can be estimated either 
from figure 10.4-5 or using direct calculation according to paragraph 10.4.6. “Figure” method 
is feasible in design by hand and it is applicable for limited spectrum of input values. “Direct 
calculation” method is better suited for algorithmization of the whole design assessment 
procedure and it is applicable to broader spectrum of input values, but it sometimes yields 
unexpected results or even calculation errors. This may cause convergence problems in design 
assessment procedure. The design assessment procedure is usually iterative, because a 
calculation pressure is required as one of the inputs and it is also the main output. Presented 
paper suggests corrective measures for “direct calculation” method, which guarantee 
convergence of design assessment procedure, which yields conservative value of maximal 
allowable pressure. 

According to [1] there is a formula for calculation of minimal thickness of flat end with 
relief groove e: 
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 e - minimal allowable thickness of flat end   [mm], 
 C1 - coefficient (figure 10.4-4 or paragraph 10.4.3 [1])  [-], 
 Di - internal shell diameter     [mm], 
 P - calculation pressure      [MPa],  
 f - maximal allowable stress for flat end   [MPa], 
 C2 - coefficient (figure 10.4-5 or paragraph 10.4.6 [1])  [-], 
 fmin - maximal allowable stress of shell and flat end  [MPa]. 
Since the coefficient C2 depends on P and procedure for its calculation is rather complicated, 
explicit formula for P cannot be derived. Therefore, it is convenient to use an iterative 
procedure. 

Maximum allowable pressure P is calculated for a given geometry, so the analyzed 
thickness ea is known. Goal of the iterative procedure for maximum allowable pressure P will 
be to find such pressure P that leads to design of same value of thickness as ea using formula 
(1). As an initial value of P, design pressure Pd can be used. New pressure in iteration is 
estimated as follows: 
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Thickness ei is calculated using formula (1) with P = Pi-1. Presented iteration procedure 
should be straightforward, but in tests, this procedure crashed or entered infinite loop. 

To identify the cause of these problems, similar plot to the one in figure 10.4-5 in [1] was 
created. With the same boundaries, new plot is identical to 10.4-5 figure. However, in 
iteration procedure, some input values may lie out of these boundaries and functions 
C2(P/fmin) are discontinuous and sometime yield negative values of C2. This issue and 
suggested solution is shown in Fig. 1: red lines represent original function C2(P/fmin) for 
es/Di = 0.0065 with vertical asymptote in discontinuity and blue curve represents modified 
function for the purposes of the iteration procedure. Grid in Fig. 1 represents the area of 
original plot 10.4-5 from [1]. 

 
Fig. 1. C2(P/fmin) for es/Di = 0.0065 (plotted using [2]) 

Fig. 1 suggests that the causes of the problems are negative and infinite values of C2 at 
some points. Since the minimal thickness of a flat end is linearly dependent on C2, C2 has to 
be greater than 0 and less than infinity. As one clause in the paragraph 10.4.4.1 implies, 
minimal value of C2 is 0.3. According to “Figure” method, C2 coefficient has values between 
0.3 and 1.0. Suggested correction of the function C2(P/fmin) is using three conditions: 

- For C2 < 0.3:    C2 = 0.3, 
- P/fmin to the right from asymptote: C2 = 1.0, 
- If the calculation of C2 crashes: C2 = 1.0. 

Using these corrections, a small program was written in Python language. This program can 
be used for estimating maximal allowable pressure for a given geometry and material of a flat 
end with relief groove. 
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Human pelvis injuries may be accompanied with fractures of pelvic bones which have to be
treated surgically. In order to fix the relative position of fractured bone parts, various fixa-
tion techniques can be applied. For example, a fracture of sacral bone may be fixed using the
iliosacral screws, which are screwed into sacrum through an iliac bone and attaches the two
fractured parts of sacral bone together. Such a fracture can be also treated using the transiliac
plate or the transiliac fixator, which do not fix sacrum directly but constraint the relative motion
of both iliac bones. Even if a bone fixation is applied, a minor relative motion of fractured parts
of the bone may be observed. This relative motion influences the bone healing process. Thus
determining an effectiveness of various fixation techniques is of interest so that an optimal type
of fixation can be selected for a given fracture. Before approaching the analysis of various fix-
ations, a methodology for experimental investigation of deformations of pelvic ring bones has
to be assessed. Within this study a non-invasive optical methods are exploited.

The orthopaedic plastic model of intact male pelvis was subjected to well defined mechan-
ical loading and its deformations were analysed using photogrammetric approaches and tech-
niques of digital image correlation.

The material properties of the plastic model of human pelvis resembles mechanical be-
haviour of real pelvic bones. The model was mounted on a dedicated metal stand that was
designed and manufactured in order to provide a rigid support to pelvis in acetabula such that
the position of pelvis was fixed in space and its rotations in the sagittal plane were prevented
during the entire test. For fixation of the acetabula, the artificial femoral head was created as a
three-dimensional negative of each acetabulum surface.

The prescribed mechanical loading was applied by the mechanical testing device at the base
of the sacrum (articulation surface for the intervertebral disc L5/S1). A maximum load of 500N
was utilised, which corresponded to approximately 60 % of body weight for a 80 kg male. The
deformation of pelvic bones, the displacement of selected points on their surface respectivelly,
was studied for various states of loading.

The experimental data were analysed using two independent photogrammetric software
packages, SPGM [2] and ISTRA 4D [1]. The former is capable of determining spatial three-
dimensional coordinates of selected object points based on their images recorded by two sep-
arate cameras at the same instant. Thus for the SPGM analysis, it was necessary to cover the
surface of pelvic bones by distinct target points, Fig. 1 (left). Furthermore, a novel software
tools were developed that enabled localisation and correlation of the target points in each cap-
tured image and enabled an automated feed of data for callibration of the analysed scene.

The ISTRA 4D software package is capable of reconstructing the three-dimensional object
surface based on correlation of images from multiple cameras (i.e. two and more). Such a
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Fig. 1. The orthopaedic plastic model of male pelvis and the position of target points that were
analysed by SPGM software (left), analysed displacements at the surface of the plastic model
by ISTRA 4D software (right)

correlation requires a random speckle pattern which was sprayed on the pelvic surface before
the images for ISTRA 4D analysis were recorded. The resulting reconstruction of the pelvic
surface based on images from four camera system is shown in Fig. 1 (right). The colormap
reflects the displacement between the loaded and unloaded state at various locations.

Both implemented methods, i.e. SPGM analysis as well as ISTRA 4D, were capable of re-
solving displacements at selected locations while maximal magnitude of the recorded displace-
ments was in order of 1mm. The multi-camera analysis of ISTRA 4D is superior to two-camera
analysis by SPGM in reconstructing the complex three-dimensional surface of pelvis ring.

A reliable methodology for preparation of the tested specimen, its experimental testing, the
optical setup and the resulting analysis process was determined. The presented data serve both
as a starting point for the upcoming experimental campaign on pelvic ring fixation techniques
and as a reference data for validation of the computational model used at NTIS – New Tech-
nologies for the Information Society research center.
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Database FinLiv – focus on Manson-Coffin curves 
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FinLiv is a database intended to gather the information about material parameters of various 
static and fatigue material models. Fatigue databases are quite rare (www.matdat.com, 
www.pragtic.com/fatlim.php, www.efatigue.com), and consequently, the researchers tend to 
use second-hand data for their research, without any proper check that the data are of good 
quality and worth using [1]. Until now, now such database records also the basic input data 
from individual experiments and only the results of regression analyses are provided. 

Such a database has to fulfill several functions – ability to input new data, list them, select 
between them. FinLiv is therefore prepared in two applications, which closely cooperate. The 
web part useful for listing or selecting the items from the database can be found on 
www.fadoff.cz/page/finliv. Anyhow, the direct use of the website for data input is demanding 
in terms of the application structure, patience of the potential user, etc. In order to simplify the 
way the data are entered another front-end application FinLiv.VBA was built as an MS Excel 
application written in Visual Basic for Applications. MS Excel is an application allowing us 
to program macros and make them easily accessible to a wide range of users.  

 
Fig. 1. Sheet form of FinLiv with sample data 
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With the help of the application the user can easily input data via the main interface, 
which is represented by the “form” sheet. The data are set by selecting predefined options 
from the lists in the various list boxes, as well as by entering values into appropriate cells 
directly. Any additional data that cannot be assigned to the categories listed in the “form” 
sheet can be entered into cells reserved for comments. The input data are stored in one of the 
data sheets appended to the FinLiv workbook, where it can be later corrected manually. More 
experienced users can efficiently input the data directly to those data sheets and use the copy 
and paste function, which increases the speed of data input. 

In addition to the previous functionality of FinLiv to gather and process the data of S-N 
curves, the new version [2] allows the users to work with data obtained from strain-controlled 
fatigue experiments. The data table in the “form” sheet is designed for entering experiment 
data such as master parameter (strain), mean and stress amplitudes for different load channels, 
etc. Ability to process the multiaxial loads is an important feature of FinLiv. The settings of 
each channel are set in the table “Description of load channels”. There the user can choose a 
load channel mode such as tension-compression, torsion, and plane bending, and choose a 
load history type.  

With the help of the application the user can prepare input from experimental data for 
regression analysis and then get the regression parameters. The input for regression analysis is 
created automatically upon clicking the button “Input For Regression”. The application 
validates input data and then creates a txt-file that represents input for regression analysis. 
The regression analysis is performed in an external MATLAB application that prints out a txt-
file with regression parameters from Manson-Coffin and Ramberg-Osgood models, as well as 
measures of statistical correlation of the regression curves with experimental data. The user 
can load the regression parameters from the output file to a corresponding datasheet with the 
help of the “Get regression data” button.  

The application allows the user to display the data in a predefined form in order to 
compare different material sets, different load setups, etc. – both in terms of charts and 
graphs. Upon clicking the button “Show” the user can select the desired sets. After the fatigue 
curves are selected, a new workbook is created. The new workbook contains sheets with 
separate curves where the user can find basic information about the material, regression 
parameters and regression graphs. A summary sheet, where the user can compare different 
curves is prepared automatically. 

The paper introduced in short a new useful application for cataloguing fatigue material 
parameters and data. It guided the user through the basic functionality of that application and 
presented new features for processing Manson-Coffin curves and their base data.  
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D. Makovička a, D. Makovička, Jr. b 
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Vibrations caused by road or railway vehicles running on surface or underground roads or rail 
tracks spread through the subsoil into surrounding building structures. These vibrations 
propagate into the surroundings of the traffic line through the geological environment and act 
as technical seismicity, which loads the buildings in the vicinity. Vibrations produced by 
traffic sources usually do not threaten the safety of structures, but their undesirable impacts 
can significantly lower the quality of life and the working conditions of people living or 
working in residential or office parts of the building.  

The histories of measured vibrations (Fig. 1) were used as loads applied to a modelled 
building structure at the foundation base. The nature and magnitude of the vibrations caused 
by technical seismicity depend not only on the proximity and the nature of the source of the 
vibrations, but also on the local geological conditions and on the structure of the affected 
building. Due to its tuning, the building structure usually amplifies or, in better cases, reduces 
the effects of technical seismicity.  

Vibro-base isolation is an effective method for reducing the vibration level of the 
protected structure as a whole with reference to its foundation types (plate, piles, strips, etc.). 
Base isolation is one of the most powerful passive structural vibration control technologies in 
earthquake engineering. It is meant to enable a building or some other structure to survive a 
potentially devastating seismic (or in our case technical seismic) impact through suitable 
initial design or subsequent modifications. In some cases, the application of base isolation can 
considerably raise both the seismic performance and the lifetime of a structure. 
 

 
 

Fig. 1. Dynamic vertical response one of buildings and its normalized excitation 
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The calculation 3D model takes into account the individual storeys, broken down into the 
floor, foundation and roof slabs, columns, load-bearing walls and peripheral and interior 
girders (Fig. 1). For the vibroisolated structure the elastic layer of rubber on the level of 
baseplate was used and usually considered as the elastic subsoil of the Winkler-Pasternak 
model below the whole area of the upper part of the foundation plate. The mass of the floor 
and the foundation plates includes the masses of the non-load-bearing components (thin 
partitions, floorings, etc.) as well as the equivalent of the live loads of floors, roof and 
terraces. For the dynamic response to the effects of external actions (traffic), the lowest 
possible tuning of the rubber-mounted structure is decisive. 

The dynamic load, i.e., the vibrations, was introduced into the model independently for 
both directions as a normalized load and with the identical phase all over the foundation plate. 
The vibrations of the building produced by underground traffic were predicted by the 
response analysis of the whole system (Fig. 2) for selected points as normalized 
displacements (in relation to the base-plate vibration). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 2. Typical time histories of relative horizontal displacements for horizontal excitation 
 

The application of vibro-isolation is, consequently, a very efficient way to reduce the 
transfer of vibration from the subsoil to the interior parts of the building. The floor 
acceleration response for each storey should be estimated in such a case, as it is the most 
important response parameter namely for comfort of residents, protection of contents and 
equipment of the building. 
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Direct dynamic response computation of an aircraft structure 
based on experimentally identified modal model 

P. Malínek a 
a Aeronautical research and test establishment, Beranových 130, 19905 Prague, Czech Republic 

Modal model contains a valuable data, joined to a specific aircraft type structure. So called 
Ground vibration test as a standard milestone of a prototype testing provides experimentally 
identified modal model suitable to enter in to the fine tuning process of structure numerical 
model. Finally tuned numerical model serves as a base for flutter clearance and other 
simulation of aircraft structural dynamics related phenomena: gust response, excitation due to 
failure of a rotating part. 

The paper presents a technique of dynamic response computation of an aircraft structure 
using modal model directly, without any need of FEM model and its costly tuning. The basis 
of the technique is a numerical solution of convolution integral in n–dimensional space. 
Excitation forces are supposed arbitrary waveforms. In the special case of periodic forces the 
responses are calculated via transfer functions. The technique gives possibility to compute 
time domain responses at any spatial point of the structure. 

Modal model and excitation forces presuppositions: Only complex (oscillatory) 
eigenvalues are considered. Modal model should be of highest quality, level 4, see [2], p. 164. 
Spatial resolution of original experimental modal model enables correct interpolation and 
extrapolation of mode shapes. Modal model may be non complete. Frequency content of 
excitation forces fit to modal model frequency limits. Forces are acting at nodal points only. 

We begin a brief theoretical review with standard mathematical model of linear structure 
in physical space or in the state space: 
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Corresponding modal model consists of right side and left side modal matrices U(mxn) and 
W(mxn) and of spectral matrix Λnxn, n<m. 
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This description of linear structure can handle non conservative and gyroscopic systems 
[1]. Using modal decoupling we obtain response function H in frequency domain 
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An application of Laplace transforms to the decoupled system of differential equations finally 
provides time domain general solution of original state space model. For t = 0, u = 0T. 
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We assume time series of equidistant discrete samples as a model of forces vector. The 
description by Fourier series is appropriate in the special case of periodic forces. 
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Let we have modal matrix u = w and corresponding spectral matrix λ as a result of modal 
test. Its meaningful application in the method of direct response calculation is possible with 
only proper scaling of modes. It is necessary to use an orthogonality condition for the state 
space formulation WTNU = I and WTPU = -Λ instead of uTMu = I, uTKu = λ. If we have 
experimentally determined modal masses µj for corresponding modes j, next formula provides 
normalization factor cj = (i2µjλj)

-1/2. Other steps are response model calibration and validation, 
which means fine adjustment of normalization factors so that calculated responses fit to 
experimental results if they are at disposal. 

The numerical procedure solving convolution integral exploits trapezoidal scheme of 
numerical integration in n-dimensional extension. Complex arithmetic is used in the 
procedure. Effectiveness of the procedure is given by minimising of arithmetic operations per 
one integration step by reducing the number of coordinates into forces inputs and required 
responses only. The state space formulation doubles the dimension of the problem, yet it gives 
information on velocities directly. Accelerations are computed immediately by numeric 
derivation of velocities responses. 

Validation of the procedure has involved responses computation of a 3 DOF discrete 
system. In the first step the responses of the system to a rectangle force impulse were 
calculated by Newmark’s numerical integration of original differential equations. In the 
second step differential equations were solved through an algebraic eigenvalue problem. 
Resulting modal model then 
enters to the procedure 
solving convolution integral. 
Responses calculated via 
completely different 
procedures match well, Fig. 1. 
Other verification included 
responses calculation using 
experimentally derived modal 
model of the demonstrator 
Noll-Wing consisting of 8 
modes of a system with 27 
DOF. 
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Can Laplace law replace more sophisticated analyses of aortic 
aneurysms? 

V. Man a, K. Novák a, S. Polzer a, J. Burša a 
a Institute of Solid Mechanics, Mechatronics and Biomechanics, Brno University of Technology, Technicka 2896/2, 616 69 Czech Republic 

In the recent studies it was shown that for credible calculation of stresses in the wall of 
abdominal aortic aneurysm (AAA) patient-specific (PS) geometry with inclusion of the 
unloaded geometry should be taken into account, as well as residual stresses which results in 
rather complex models giving nearly constant stress distribution throughout the wall 
thickness. These features makes the computational analysis rather complex and time-
consuming while the stress distribution resembles membrane stress state being independent of 
material if the deformed radii of curvature are taken into consideration. In the paper stress 
distributions calculated on the basis of different finite element (FE) models of AAAs are 
compared in between and with Laplace law results to assess the acceptable simplifications. 

Stresses in a shell can be calculated on the basis of Laplace law under assumption of their 
constant magnitude through the shell thickness. This is the case for thin shells made of linear 
elastic materials, while the stress gradient throughout the wall increases with the wall 
thickness and nonlinearity of the stress-strain dependence [1]. Recently FE models of AAAs 
have confirmed their credibility if unloaded PS geometry is used (obtained e.g. by backward 
incremental method) and residual stresses (RS) are introduced on the basis of volumetric 
growth applied to achieve a homogeneous stress distribution through the wall thickness [2]. 
Here this model is denoted as model A when Vande Geest-like (VG) constitutive model is 
applied and as model B when quasi-linear 2nd order Yeoh (QL) constitutive model with high 
stiffness (corresponding to the slope of the stress-strain curve under high strains) is used. Both 
of these models induce membrane-like stress states in shells with regular geometric shapes 
(cylinder, sphere, ellipsoid). For both cylindrical and PS geometries, the results are then 
compared with a much simpler model C (without residual stresses, based on the loaded 
geometry and QL constitutive model) to test a hypothesis that this simplification could offer 
acceptable results. If this was true for PS models of AAAs, the comprehensive finite element 
models (A or B) could be replaced by the much simpler model C giving results similar to 
those obtained by Laplace law. 

Stresses in a shell with simple geometry are illustrated with a cylinder. While without 
residual stresses the results are highly dependent on constitutive models, here models A, B or 
C give similar stress distributions corresponding to membrane stress obtained by Laplace law 
applied on the deformed geometry (see Fig. 1). For model C (without residual stresses) this 
can be explained by the high stiffness of the model causing negligible differences between the 
deformed and undeformed dimensions. Then models A, B and C were applied with a PS 
geometry (recorded under mean blood pressure). As locations of peak wall stresses (PWS) 
can be different for these models, the results are compared on node-to-node basis. The error 
rates (Fig. 2) show differences comparable with the calculated PWS for all combinations of 
models. 
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For simple geometrical shapes the sophisticated FE models give stress distribution and 
consequently also PWS similar to the Laplace law. Therefore results of the simple model C 
are acceptable here, if radial deformations of the model are constraint sufficiently by the high 
stiffness of the constitutive model. However, for the PS geometry considerable differences 
(comparable with the magnitude of stresses) occur. This can be explained by bending of the 
shell caused by changes in local shell curvature between unloaded and loaded shapes. This 
effect is especially pronounced if the shell consists of both convex and concave parts; then the 
calculated stresses depend highly on the constitutive model (in contradiction to Laplace law) 
and the simplified model C is not acceptable. 

The simple quasi-linear constitutive model without residual stresses and without taking the 
AAA unloaded shape into account can offer acceptable results for simple geometrical shapes 
but is not applicable for credible evaluation of stresses in patient specific models of AAAs. 
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Fig. 2. Comparison of circumferential stresses for 
cylindric shape and different models 

Fig. 1. Frequencies of deviations in 1st principal stress 
for different models pairs with PS geometries 
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FE implementation of directional distortional hardening model
for metal plasticity

R. Mareka,b, J. Plešekb, Z. Hrubýb, S. Parmab
aCzech Technical University in Prague, Faculty of Mechanical Engineering, Technická 4, 166 07, Praha 6, Czech Republic

bInstitute of Thermomechanics, Academy of Sciences of the Czech Republic, Dolejškova 1402/5, 182 00 Praha 8, Czech Republic

As seen in numerous experiments, yield surfaces change their shape and location during plastic
straining. Several models of directional distortional hardening to capture such behavior have
been proposed recently. Their application lies in sheet metal forming processes, in combined
ratchetting, or in any application containing sequenced non-proportional plastic straining.

The presented work outlines and tests the finite element implementation of the simpliest
form of directional distortional hardening models proposed in [2] by Feigenbaum and Dafalias
– a model derived from a more complex one in [1], which involves a fixed scalar distortional
parameter. Here, the directional distortion is dictated by the scalar contraction of the backstress
tensor α and the unit radial tensor nr. Therefore, possible shapes of predicted subsequent
yield surfaces are limited to certain size, position and elongation of the shape with orientation
always facing from the origin, as demonstrated in Fig. 1. The evolution equations are based on
the Armstrong-Frederick evanescent memory type hardening rule. The associative flow rule is
adopted.
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Fig. 1. Yield surface evolution – simple tension and tension-shear combined
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Properties of the model are thoroughly studied in connection to convexity condition derived
in [3] and later to numerical stability. The explicit integration scheme with subincrementation,
the tangent stiffness-radial corrector method, is employed. Size limitations of integration incre-
ments are discussed in a series of iso-error maps. An easy to understand error map is depicted
in Fig. 2. Subjecting a tensionally pre-evolved material to any combination of tension and shear
strain will generate the following error for default subincrementation.
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Fig. 2. Relative error [%] of the stress response, showing pre-evolved shape and initial unloaded
state (black full circle) in strain space

The implementation is verified by a comparison of numerical results with analytical solu-
tions pertinent to proportional load cases. Complex non-proportional loading paths are verified
by a very fine numerical computation. Finally, the template of this implementation is presented.

This work studies phenomena in numerical implementation related to the yield surface shape
distortion, therefore, it will help with other models to come.
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Modelling of flexi-coil springs with rubber-metal pads 
in a locomotive running gear 

T. Michálek a, J. Zelenka a 
a University of Pardubice, Jan Perner Transport Faculty, Department of Transport Means and Diagnostics – Section of Rail Vehicles, 

Detached Branch Česká Třebová, Slovanská 452, 560 02 Česká Třebová, Czech Republic 

Nowadays, flexi-coil springs are commonly used in design of secondary suspension of rail 
vehicles. Besides their axial loading, these springs allow their lateral loading. Therefore, they 
are used to ensure the lateral suspension of the carbody as well as the elastic rotational joint 
carbody/bogie. It is necessary to know the lateral stiffness of these springs – knowledge of 
these characteristics is needed at a proposal of parameters of running gear of the vehicle and 
also as an input for simulations of running performance of the vehicle. The lateral stiffness of 
flexi-coil springs influences a moment against bogie rotation, which arises at the run of the 
vehicle through a curve. Because the moment against bogie rotation is related to the lateral 
force interaction vehicle/track in curves, which is assessed in framework of approval process 
of the vehicle according to the technical specifications for interoperability [1], it is desirable 
to minimize the lateral stiffness of the springs. This is the reason why the flexi-coil springs 
are often supplemented with various types of rubber-metal pads. 

If a theoretical calculation of the lateral stiffness of a flexi-coil spring itself is a relatively 
difficult problem and commonly used empirical formulae (see e.g. [4]) give different results, 
an exact determination of the lateral stiffness of a flexi-coil spring with rubber-metal pad is 
very problematic. An often used type of the rubber-metal pad, which allows tilting of the end 
coil of the spring, is depicted in Fig. 1. In framework of research activities of the Jan Perner 
Transport Faculty of the University of Pardubice, a flexi-coil spring of secondary suspension 
of a locomotive supplemented with the tilting rubber-metal pad was put to a theoretical 
analysis and subsequent experimental verification of the lateral stiffness (see [2]). In the next 
stage, the measured lateral stiffness of the assembly spring/pad was approximated by means 
of a suitable function of vertical load, direction of the lateral loading and lateral deformation 
of the assembly. An example of the function (for a given vertical load) is presented in Fig. 2. 

 
Fig. 1. Flexi-coil spring with 

tilting rubber-metal pad 

 
Fig. 2. Approximated characteristics of lateral stiffness of the assembly 
spring/pad – dependency on lateral deformation and direction of loading 
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Subsequently, this stiffness characteristic was implemented into a modified multi-body 
simulation model of a 90-ton electric locomotive created in the simulation tool SJKV, which 
has been developed at the Jan Perner Transport Faculty (see e.g. [3]). The modification of the 
model is based on more detailed description of joint elements (springs, dampers, etc.). Newly, 
these elements are modelled in such way that each element is represented by a separate joint. 
Especially in case of springs with a significant anisotropy of their lateral stiffness (caused by 
the tilting pads), this approach is necessary because the “classical” way of modelling of joints 
– i.e. by reduced parameters (lateral stiffness of suspension, resistance against bogie rotation, 
etc.) – seems to be unsufficient for realistic description of dynamic properties of the model. 

By means of the new model, a large set of simulations of run of the vehicle through curves 
with various radii was performed and the guiding behaviour of the locomotive was observed. 
The simulation results (together with results of performed theoretical analysis of properties of 
secondary suspension created with the springs with tilting pads) show specific properties of 
the resistance against bogie rotation. In case of the locomotive equipped with the above 
mentioned secondary suspension, the resistance against bogie rotation – which influences for 
example the safety against derailment and is assessed according to [1] by means of a quantity 
called X-factor – is dependent on the cant deficiency, i.e. on the speed in curve. It means that 
a reduction of the resistance against bogie rotation is most significant at zero cant deficiency, 
i.e. at a relatively low speed of run through a curve but also at the run in straight track, which 
is not desirable because of a negative influence of the lower resistance against bogie rotation 
on the stability of vehicle run. In the opposite case of run through a curve at high value of cant 
deficiency, when the softening of the resistance against bogie rotation is needed because of its 
positive effect on lateral force interaction between the vehicle and the track, the reduction of 
the resistance against bogie rotation is not as significant as it would be desirable. These 
properties of the resistance against bogie rotation are caused with the total deformations of 
individual secondary springs, which arise in relevant situations (i.e. during the run with a low 
or high value of the cant deficiency) and which are related with the lateral stiffness of the 
assemblies spring/pad under a given lateral load in given direction of lateral loading. 

Knowledge of the above described behaviour of the resistance against bogie rotation of the 
investigated locomotive is very important at design of yaw damper characteristics and can be 
also used as a base for a proposal of characteristics of devices for reduction of lateral forces 
vehicle/track (i.e. a bogie coupling or system of active elements). Besides to that, the achieved 
results show that the current method of the X-factor calculation must not always characterize 
the real properties of the rotational joint carbody/bogie very well. 
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Crack propagation in welded polyolefin pipes
J. Mikulaa,b, P. Hutařa, M. Ševčı́ka,b, L. Náhlı́ka,b

aInstitute of Physics of Materials, Academy of Sciences of the Czech Republic, Žižková 22, 616 62 Brno, Czech Republic
bBrno University of Technology, Technická 2896/2, 616 69 Brno, Czech Republic

A very common material used in piping industry, especially when it comes to pressure pipe
applications, is the high density polyethylene (HDPE). Many advantages in compare to steel or
other materials prefers it to serve mainly for water and gas transportation. Required lifetime of
welded pipes is approaching 100 years, therefore lifetime prediction is one of the key issue in
this field.

The most common failure of the pipes is a quasi-brittle failure which is a consequence of
the slow creep crack propagation through the pipe wall. According to relevant literature the
creep crack in polyethylene can be described by the stress intensity factor [2]. Therefore, in the
present work the failure of butt welded pipes was modeled using a fracture mechanics approach.

Two different geometries have been considered to find the influence of the changes caused
by the welding process on crack behavior. One of the geometries keeps the optimal weld bead
while for the other one the weld bead was removed after the welding was finished, keeping just
the material inhomogeneity caused by the welding process.

The purpose of the research was to make a more complex analysis on crack propagation,
whether it is an axial or circumferential crack initiating at different places of the welded pipe.

The material inhomogeneity (also shown in the figure as a distribution of Young’s modulus)
was experimentally measured based on microhardness tests [3] and the results were approxi-

Fig. 1. Welded pipes with the optimal weld bead geometry
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mated with a double power law function sketched in Fig. 1. The values of Young’s modulus are
highest in the centre of the weld and decrease approaching the basic material.

Finite element calculations within the commercial package ANSYS have been used to as-
sess the fracture mechanics parameters. The kinetics of the creep crack growth may be thus
described by the KI . For the axial crack a 3D model was created whereas for the circumfer-
ential crack an axisymmetry gives the advantage for making a 2D model. For the first one the
KI was estimated based on the direct method and for the latter one the nodal displacements
were used to estimate both the KI and KII , where the crack propagation was simulated by the
maximal tangential stress criterion (MTS).

Fig. 2. Time to failure diagram of PE 100 (re-
sults for initial crack length a0 = 0.4mm)

Knowing material parameters and the KI

the lifetime of slow crack growth can be cal-
culated based on a power function as orig-
inally proposed by Paris and Erdogan [1].
Time to failure diagram for different axial
cracks plot in Fig. 2 shows that keeping of
the weld bead might have a good contribu-
tion on crack propagation because it increases
the lifetime even if the axial crack propagates
near the notches of the bead. Removing of
the weld bead makes the area near the weld
weaker and may decrease the lifetime consid-
erably.

As for the circumferential crack, only
high axial stresses and strong stress concen-
trations near the weld bead notches may lead
to the situation when the crack would prop-
agate. Thus in practical applications it is al-
ways more likely for an axial crack to appear.

Further, based on long-term CRB or PENT tests it may be shown that the welded area has
a lower resistance to slow crack growth due to microstructural changes rather than the basic
material. It can be concluded that keeping the weld bead makes the area near the weld stiffer
and crack propagation in material affected region is suppressed.

The obtained results can further be used for service lifetime estimations of welded pipe
systems where axial or circumferential cracks may appear.
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Thermo-mechanical finite element analysis of mould for piston 
casting 

M. Močilana, M. Žmindáka 
a Faculty of Mechanical Engineering, Univerzity of Žilina, Univerzitná 1,010 26 Žilina , Slovak Republic 

The aim of this paper is the examination of the interaction of fluid and core molds for piston 
casting. Analysis of the core will be performed by finite element method. As a tool for FEM 
analysis will serve the commercial software ANSYS Workbench - Polyflow, which is often 
used in technical practice because of its fast and effective means of FEM model creation [1]. 

Computer Aided Design / Engineering (CAD / CAE) tools allow engineers to design 
moulds for piston casting [2]. In the last decades, together with the development of computers 
rose also the popularity of the finite element method (FEM) for the simulation of 
miscellaneous technological processes, such as welding, quenching, casting, cutting, etc. [3]. 

On the production line pistons for combustion engines made of aluminium alloy are cast 
into moulds. In the mould is the core, which is heated by flame after insertion (Fig.1). The 
mould and the core are subjected to extreme temperature changes. These components are 
made of tool steel. Cast pistons are made of aluminium alloy. Aluminium alloys are materials 
that are used to make the pistons because of low melting point, low weight of the piston, 
corrosion resistance, etc. The core is a massive forging, with nitrided surface. Core cooling is 
provided by a hole drilled in the bottom of the casting and water is injected into the hole. The 
melt is kept at a temperature of 775-785 ° C in the furnace. The mould filling time is 2-4 
seconds. Opening of the bottom of the mould occurs after 60 seconds. The mould is preheated 
to a temperature of about 160 ° C. 
 
 

 
Fig. 1. CAD model of the mould (left) with the core (right) 
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We imported the geometry of the mould and core from the CAD software as * .stp into 
DesignModeler, which is integrated into the software ANSYS Workbench. We simplified the 
geometry of the mould to generate good mesh, reduce the number of elements and minimize 
errors in the simulation. We created a cut of the gating system common for the mould and the 
core. We eliminated the small fillets and chamfers, which were negligible in the calculation. 
The whole system is symmetrical, so we solved only one half. The picture shows the 
geometry of the core, which is the subject of our calculations. The core consists of three parts, 
the middle part is essential for us and we will focus on it in the simulations. 

This paper is divided into two sections. The first part is a planar problem of non-
isothermal Newtonian flow. It is a time-dependent simulation, where we examine the impact 
of fluid on the core. We want to evaluate the core temperature in contact with the liquid at 
different time steps. This knowledge will help us later to define boundary conditions for 
spatial 3D solution in the second part.  

We used triangular elements, where the size of elements for the core is 2 mm and 3 mm 
for liquid and mould. We used adaptive mesh and re-meshing during the simulation. Fluid re-
meshing was performed every 5 time steps. Zones with smaller element size have been set in 
the areas of interaction, for better filling of the space around the core and accurate calculation. 

In the second part of the paper are shown the numerical results of the core stress field. We 
will not investigate the whole core, but only the central part in which cracks occur, so in this 
part we are mostly interested in the stress at each time step. 

Acknowledgements 

The work has been supported by the grant projects KEGA No.004ŽU-4/2012. 

References 

[1] ANSYS 2012, ANSYS, Polyflow Users Guide [Technical guide of ANSYS], Canonsburg: ASYS, Inc, 
2012. 

[2] Žmindák, M., Meško, J., Pelagić, Z., Zrak, A., Finite element analysis of crack growth in pipelines, 
Manufacturing Technology 14 (1) (2014) 116–122. 

[3] Žmindák, M., Novák, P., Meško, J., Numerical simulation of arc welding processes with metalurgical 
transformations, Metalurgija 49 (2) (2010) 595-599. 

88



 

Model of robot with additional flexible deformation sensing  
for improved control 

L. Mráz a, J. Volech a, Z. Šika a, M. Valášek a 
a Faculty of Mechanical Engineering, CTU in Prague, Technická 4, Praha 6, 166 07, Czech republic  

The machining with industrial robot is nowadays an attractive area of interest for many 
researchers. The reason is the lower cost of robots in comparison with the traditional 
machines. On the other hand, the stiffness of the robots cannot compete the conventional 
machines. Several projects have arisen, which try to solve the low stiffness issue and thus to 
improve the accuracy of the position control e.g. [1, 2, 4]. The general principles are 
following: The precise model of the robot respecting all the flexibilities, the additional 
measurement of the real position of the robot and the final compensation of the errors. 

The aim of this work is the development of a dynamic model of robot Mitsubishi RV-6S 
(Fig. 1). The model is assembled using the composite method for the flexible bodies [3]. The 
whole robotic structure is described using the relative coordinates in the joints expressing the 
movement of the arms. Their deformation is described using the modal coordinates. The 
deformation is considered to be a linear combination of the modal shapes and modal 
coordinates are the coefficients of this combination, which is time dependent. The modal 
shapes have been obtained using FEM analysis of the particular parts. Their geometry is 
obvious from the CAD model and the parameters of mass and stiffness have been estimated 
based on the material of them. 

The deformation of the gearboxes is described by the relative coordinates of the motor 
rotors, which are connected by flexible gearboxes with the links. Based on [3] the final 
system of equations of motion (EOM) is obtained and the dynamic model of the robot is 
assembled in Matlab-Simulink environment.  

 

 
Fig. 1. Robot Mitsubishi RV-6S 
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Moreover, the cascade PID control have been designed and tuned for the robot model. The 
control block is used for the placement of the structure in desired position. The basic position 
is depicted in Fig. 1. In the first case, the end-point of the robot have been loaded in this static 
position and thus the structure deformed. 

Using this model the behaviour of the flexible structure is observed. The model is virtually 
equipped with the sensors of deformations. 

The measurement of the arms deformation is performed by the virtual laser-photodiode 
system [5]. The deformation sensing is following: The flexible arms are virtually equipped by 
the laser emitter on one side and by the photodiode on the other one (Fig. 2). 

 

 
 

Fig. 2. Scheme of the flexible link equipped by laser emitter (LE) 
and by the photodiode (PD) 

 
In the case of no loading, the laser beam is pointing to the center of the photodiode. If the 

loading is applied, the structure deforms and the position of the detector is changed. 
According to the intensity of the light on the surface of the detector, the deformation is 
measured. Moreover, the flexible gearboxes are virtually equipped with the rotary sensors for 
the torsional deformation sensing.  

Thus a model is obtained, which simulate the dynamic behavior of the robotic structure 
with the deformation sensing. The resulting model provides the basis for the optimization of 
the sensors placing and for the complex optimization of the whole sensing concept. The 
further tasks should be the analysis of the observability and controllability of the structure in 
the working space. Thus the accuracy of the tool center point position control should be 
enhanced at the maximal level. 
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Modelling and analysis of the 3D FGM beam structures 

J. Murín a, J. Hrabovskýa, V. Kutiš a, J. Paulech a 
a Department of Applied Mechanics and Mechatronics, Faculty of Electrical Engineering and Information Technology, STU in Bratislava, 

Ilkovičova 3, 812 19 Bratislava, Slovak Republic  

Important classes of structural components, where Functionally Graded Materials (FGM) are 
used, are beams and beam structures. FGM beams play an important role not only in 
structural applications, but we can find many applications of the beam structures in thermal, 
electric-thermal or electric-thermal-structural systems (e.g. MEMS sensors and actuators, and 
other mechatronic devices). In all these applications, using new materials like FGM can 
greatly improve the efficiency of a system. FGM is built as a mixture of two or more 
constituents which have almost the same geometry and dimensions. Plasma spraying, powder 
metallurgy and other technologies are used for fabrication of such materials. From a 
macroscopic point of view, a FGM is isotropic in each material point but the material 
properties can vary continuously or discontinuously in one, two or three directions. The 
variation of macroscopic material properties can be caused by varying the volume fraction of 
the constituents or with varying the constituents material properties (e.g. by a non-
homogeneous temperature field). The fabrication of such materials is complicated but the 
development in this area has progressed significantly in recent years. In the literature, many 
papers deal with static and dynamic analysis of the FGM single 2D beams with only a 
transversal variation of material properties. The longitudinal stiffness of the beam can be 
influenced with both the varying cross - sectional area and with varying material properties. 
In [1], dynamic characteristics of a functionally graded beam with axial or transversal 
material gradation along the thickness on the power law have been studied with a semi-
analytical method. However, the authors did not find papers which consequently deal with all 
the longitudinal, transversal and lateral variation of material properties concerning the 
dynamics of single beams or beam structures built of such FGM beams. In [2, 5, 6], we 
discussed the analysis of free vibration of a single 2D FGM beam with continuous planar 
polynomial variation (in axial and transversal direction) of material properties by a fourth-
order differential equation of second order beam theory. The aim of this publication was to 
present a new concept for expanding the second order bending beam theory considering the 
shear deformation according to Timoshenko beam theory. The shear deformation effect in 
FGM beams with planar continuous variation of material properties is included there 
originally by means of the average shear correction factor that has been obtained by an 
integration of the shear correction function [4]. The continuous polynomial variation of the 
effective elasticity modulus and mass density can be caused by continuous polynomial spatial 
variation of both the volume fraction and material properties of the FGM constituents. The 
choice of a polynomial gradation of material properties enables an easier integration of the 
derived differential equation and allows to model practically realizable variations of material 
properties. The effect of inertia and rotary inertia and the effect of axial forces were taken into 
account as well. 

91



The presented contribution is the continuation of our previous work dealing with the 
derivation of general homogenized 3D FGM beam finite element with longitudinally varying 
effective material properties. Homogenization of the spatial continuously varying material 
properties in the real FGM beam and the calculation of effective parameters are done by the 
layering method [3]. This method can also be used in the homogenization of multilayer beams 
with discontinuous variation of material properties in transversal and lateral direction 
(multilayer beam). Numerical experiments are performed to analyze chosen FGM beam 
structures. The continuous spatial variation of material properties is considered. The solution 
results are discussed and compared to those obtained using a very fine continuum mesh in 
commercial software.  
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Modal analysis of beam structures reinforced by partially 
embedded reinforcing core 

M. Naď a, L. Rolník a 
a Faculty of Materials Science and Technology in Trnava, Slovak University of Technology in Bratislava, 

Paulínska 16, 917 24 Trnava, Slovak Republic 

Beam structures can be considered as the fundamental building elements in many engineering 
applications. In operating regimes these structures are very often loaded by the dynamical 
forces which cause undesirable dynamical behaviour these beam structures and system is 
getting into critical resonance state. It is clear that the reduction of the level of unwanted 
vibrations or prevention of their occurrence should be one of the important objectives in the 
design of machine equipment and structures. To achieve these aims the knowledge of modal 
properties of beam structures in relation to their internal structure is necessary. Modal 
properties modification of the beam structure (mode shapes, natural frequencies) is achieved 
by the partial insertion of reinforcing core [2]. The dependence of the modal properties of 
modified beam structure on the geometric parameters and material properties of the embedded 
reinforcing core is studied.  

Considered beam structure has a uniform fundamental cross section and a certain part of 
the beam length is reinforced using the core with uniform cross-section which is embedded 
into the beam body (Fig. 1). The modal properties modification of beam structure [1, 4] is 
based on parameters of reinforcing core, especially on longitudinal position of reinforcing 
core defined by length of core cl . 

 
Fig. 1. Model of beam structure with partially embedded reinforcing core 

 
The ODE´s describing the free bending vibration of beam structure with reinforcing core 

for dimensionless variables ( 0lxkk =ξ , 0)()( lxwW kkkk =ξ ) have the form 

 0)()( 4 =ξβ−ξ kkkk
IV

k WW ,   for k = 1,2, (1) 

where 〉ξ〈∈ξ c;01 , 〉ξ〈∈ξ 1;2 c  and 0llcc =ξ . 
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Frequency parameters β1 and β2 are expressed by  
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The solution of ODE´s is 
 )()()()()( kkkkkkkkkkkkkk VDUCTBSAW ξβ+ξβ+ξβ+ξβ=ξ , (3) 

where Ak ÷ Dk  are integration constants and the Krylov’s functions [5] 
Modal analysis of clamped-free beam structure reinforced using partially embedded core 

is studied. To generalize the modal analysis results, the dimensionless frequency is introduced 
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where f0m,i (f0,i) - i th natural frequency of modified (unmodified} beam structure for 
corresponding slenderness. 

 
Fig. 2. Dependency of ϑi  (i = 1 ÷ 4) on the parameter ξc  

(λ0 = D/l0 = 0.1;  κE = Ec/E0 = 3.0;  κE = ρc/ρ0 = 2.89;  κE = d/D = 0.6) 

The results of analysis confirm that this manner of beam structural modification offers a 
very effective tool to the modification of modal properties (Fig. 2). The approach to the 
structural modification presented in this paper can be considered as passive modification of 
the dynamic properties of beam structures. 
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Dynamic stability and post-critical behavior
of aeroelastic systems

J. Náprsteka

aInstitute of Theoretical and Applied Mechanics, Academy of Sciences of the Czech Republic, Prosecká 76, 190 00 Prague, Czech Republic

Dynamic Stability is a widely studied area that has attracted many researchers from various dis-
ciplines. Although Dynamic Stability is usually associated with mechanics, theoretical physics
or other natural and technical disciplines, it is also relevant to social, economic, and philosoph-
ical areas of our lives. History of the theory of stability has been opened by L.P. Euler in 1744
by his famous work [2].

The stability of mechanical systems represents several areas that are not fully separated and
that have a common theoretical basis. Although they interact very often and a sharp limit be-
tween them cannot be determined, the following fields can be outlined: (i) Dynamic Stability
of multi-body systems. (ii) Problems of buckling of large deformable systems, such as frame-
works, plates, and shells. (iii) Stability of flow.

Regarding Dynamic Stability of multi-body systems a wide range of literature of various
types exists. It deals very theoretical or rather pure mathematical aspects of stability as far as
very practical engineering approaches and hints for designers. A certain overview of the above
three fields can be found for instance in [1, 3, 4, 5] where hundreds additional references of
general and specialized monographs and problem related papers are given.

Four main Dynamic Stability definitions should be discussed, although a significant overlap
is present among them. From the viewpoint of mechanics, the most important one is Lyapunov
stability and the related Lyapunov second method (LSM). This is suitable for non-linear sys-
tems. It can be employed for the investigation of the most general theorems as well as for
the investigation of particular systems. As the second definition should be stated stability of
the linear systems, where Routh-Hurwitz (RH) or Silvester determinants are the most popular
approaches. Both of these definitions have a number of reduced variants that are suitable for
special classes of problems.

While Lyapunov and linear stability definitions can be considered to be local stability prin-
ciples, the third definition (orbital stability) is related to global stability. This deals with cases
where the orbit as a whole should be observed as the local properties are not sufficient to con-
sider overall stability. The fourth definition concerns Stochastic Stability. Stochastic stability in-
volves working with the probability density function (PDF) of the system response. In this case,
Probability Density Function (PDF) and possibly stochastic moments are analogous quantities
similar to system response components in the deterministic domain. Usually Fokker-Planck
(FP) operator applied onto the relevant Ito system is used as a basic tool of stability testing. FP
operator is a counterpart of the Lyapunov function total time derivative in the stochastic domain.

A couple of case-related Dynamic Stability loss testing should be noticed. Their principles
are diverse, but all of them are related with ”enormous or infinite” increase of the system re-
sponse at least in some coordinates. Enumerating some of them, we can observe their relation
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to the procedures based on the LSM or RH determinants. Nevertheless, they are simple and
transparent and therefore usable for a very wide variety of researchers.

Many structures in civil, mechanical, naval or aerospace engineering can get in a state of
the dynamic stability loss due to interaction with streaming air. Overstepping a certain limit of
an air velocity or other parameters specifying external action, the system response exhibits a
dramatic increase, either approaching a certain stabilized nonlinear shape (limit cycle, homo-
clinic/heteroclinic orbit, etc.) or leading to final collapse following a non-periodical trajectory.
Especially limit cycles (LC) are very often a general characteristic of the post-critical system
behavior. Stable and unstable LC classify attractive and repulsive response areas, while homo-
clinic orbits including additional singular points represent singular cases.

These phenomena are related either with self-excited or auto-parametric systems as a rule.
The limit separating them is not sharply defined, and many systems exhibiting such phenomena
can fall into both categories. A couple of them can be mentioned: (i) SDOF and more com-
plicated systems where the damping parameter (or parameters) are dependent on the response
velocity being maximal at a standstill. (ii) Self-exciting effects within 2DOF and more compli-
cated systems due to the special structure of stiffness and damping terms. In the case of linear
systems, non-conservative and gyroscopic terms can lead to the overstepping of stability limits
and a post-critical self-excited response then emerges. Nevertheless, a non-linear approach has
to be adopted very often, because only post-critical non-linear forces can possibly stabilize the
response. (iii) Vortex shedding. These phenomena can occur due to stability loss in a local area
of a dynamic pressure field in a fluid when interacting with stiff or deformable bodies. Vortex
shedding can be observed on the micro-, macro-, and giga-scales. For instance, vortex shedding
has been observed in a streaming sea behind a circle-shaped island.

Linear and nonlinear approaches are introduced. While the former one provides basic sta-
bility limits, initiation of Hopf bifurcation and emerging of known types of stability loss (diver-
gence, flutter, buffeting, etc.), the latter one shows forms of stable regimes in the post-critical
domain, if any. Other types of local or global bifurcations can also emerge in post-crtical regime
indicating a number of special cases (Poincare-Andronov, Neimark-Sacker, etc.). Chaotic pro-
cesses can occur as well. Deterministic as well as stochastic approaches are presented combin-
ing for instance influence of the vortex shedding together with the natural and generated turbu-
lence of ambient streaming producing some times effect of the stochastic resonance, which can
be observed as the aeroelastic divergence either theoretically or experimentally in a wind tunel.
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Stability limits of the pre-stressed lightweight material model
Z. Neussera, T. Vampolaa, M. Valášeka

aFaculty of Mechanical Engineering, CTU in Prague, Technická 4, 166 07 Praha, Czech Republic

Current industrial robots and manipulators are designed with relatively stiff and heavy mem-
bers especially for the structures of the open kinematic chain type. During the motion of these
structures act high inertial forces that negatively influence the economic parameters of the pro-
duction cycle. There are ways how to remove this disadvantage. The idea using pressurized
membrane together with a beam to prevent its bending is presented in [1]. The pressure doesn’t
significantly influence eigenfrequencies of such structure and it needs more space than using
just a respective beam. In this article is designed concept of the new lightweight material based
on the pre-stressed membrane structure filled with the circular particles. The parameters of
the static stability of the designed material model are investigated on the basic cell. The more
complex structures like robotic arms can be assembled from this cell.

The idea is to replace beams and rods in the construction by the hybrid structure consisting
of the elastic membrane and hollow balls. The membrane envelopes the balls in such structure to
replace the beam and keeping its main properties by keeping underpressure in the structure. The
main advantages are lighter construction and some parameterization for the stiffness value of
the new structure. Possible disadvantages authors see in the membrane durability, discrepancies
in the ball radius and underpressure level uncertainity.

It is assumed problem only in the plane without friction. Model consists of the circular
elements with the same radii and elastic membrane, which envelopes the elements. The circular
element has contact stiffness to interact between each other. Inside the structure (which is
covered by the membrane) is underpressure and it is controlled.

∆∆∆∆p
Fm

ϕϕϕϕi

ψψψψj

r

Fe

Fig. 1. Scheme of the system

Model overview and its parameters are shown on the Fig. 1. The parameters are: the radius
of the elements r [m], the angles ψj [rad] describing the inner shape of the structure, underpres-
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sure ∆p [Pa], membrane stiffness k [N/m] and membrane angles ϕi [rad]. Force Fe [N] represents
external forces.

Membrane is modelled as an elastic rope and when not using passive resistances, there is
just one force along whole membrane length. It is necessary to calculate its prolongation to
evaluate the force

Fm = k (l − l0 + ξ) , (1)

where k is membrane stiffness, l0 represents free length of the membrane, l is actual membrane
length and ξ is the pretension of the membrane.

There are structure forces acting on the elements. Firstly, there must be contact forces
between elements in the contact, second ones are forces due to the membrane prolongation and
third loading is from the underpressure through membrane been in contact with the elements.

Using principle of virtual work it is obtained the set of nonlinear equilibrium equations:

(Fm + ∆p · r)
[
f (ψj, ϕi)
F1 (ψj, ϕi)

]
+ Fe

[
0

F2 (ψj, ϕi)

]
= 0, (2)

where the functions f , F1 and F2 are structural functions of the system. The membrane flex-
ibility is covered within the angles ϕi and the set of equations (2) is nonlinear. it could be
shown, that membrane force is dependent on the underpressure ∆p and virtual radius R which
represents the curvature of free membrane in the gaps between elements:

Fm = ∆p ·R . (3)

Using the equations (2) and (3) and eliminating the external force Fe it is obtained the final
set of equations:

∆p (R + r)

[
f1 (ψj, ϕi)
f2 (ψj, ϕi)

]
= 0, (4)

where the functions f1 and f2 describes the structure of the system including the membrane. In
such structure contact between elements could be approximated by the beam connections and it
is used for evaluation of the stability limits of such the pre-stressed lightweight material.

Without loss of generality it was shown, that forces acting on the elements could be written
in the form (4). Elements are represented as mass points. The preliminary results show that
such structures exist, have equilibrium unloaded and are stable under some axial and tangential
load. The stiffness of the structure is dependent on the underpressure inside the structure.
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Fourier and dispersion 

M. Okrouhlík a 

aInstitute of Thermomechanics, Academy of Sciences of the Czech Republic, Dolejškova 5, Prague 8, Czech Republic 

Author intends to show the dispersion phenomena from a historical perspective, to inform 
about significant contributions of our famous forefathers, as Newton, Johan and Daniel 
Bernoulli’s, Fourier and many others, and to remind the contemporary role of Fourier’s tools. 

Dispersion is a property of a medium in which the velocity of wave propagation depends 
on its frequency. It plays important role in optics, in wave propagation, in vibration of 
mechanical and electrical engineering, in atomic theory of solids, in experiment evaluation, 
etc. Dispersion effects could be analyzed, treated and explained by Fourier series and Fourier 
integral and by FFT. We will devote our attention to dispersion phenomena in computational 
mechanics and to numerous Fourier tools helping to describe and explain dispersion effects. 

History goes back to Brillouin, Kolsky, Brepta, Bažant, etc. In computational mechanics 
today, substantial contributions of Radek Kolman and K.C. Park are being published. It all, 
however, started with one-dimensional lattice, consisting of sequentially assembled particles 
of equal mass connected by identical massless springs. 

It was Isaac Newton, who used the lattice model for estimation of the velocity of sound in 
air. Later, Johann Bernoulli (1667 - 1748) in Basel and his son Daniel Bernoulli (1700 - 1782) 
in St. Petersburg independently showed that the lattice system having n degrees of freedom 
has n independent eigenvectors and eigenfrequencies. Laterally vibrating string is formally 
described by the same type of partial differential equation as longitudinally vibrating lattice. 
Afterwards, in 1753, Daniel Bernoulli formulated (for the string) the principle of 
superposition that can be considered as a special case of Fourier theorem.  

The chief contribution of Fourier was the idea that any periodic function can be 
represented by a series of sine and cosine functions. Euler (in 1748) stated that the 
displacement of a vibrating string can be described by an arbitrary function provided that 
certain continuity conditions are met. To Euler mind the Fourier theorem was almost an 
absurdity. Consequently, Euler refused to accept the principle of superposition. Also 
Lagrange followed Euler in refusing the principle of superposition. It was Dirichlet who gave 
the first rigorous proof of the convergence of Fourier series. 

It is known that the spatial and temporal discretizations always accompany the finite 
element modelling of transient problems. The topic is of academic interest but has important 
practical consequences as well. It appears that the dispersion topic is still alive.  

In the contribution the Fourier tools are shown to play important role in validity 
assessments of Newmark (NM) and central differences (CD) operators, thin tube frequency 
approximation, approximation of the largest eigenfrequency, etc. 

Dispersion phenomena also play important role in correct time step determination when 
integration operators in time are employed. A few procedures, accompanied by many 
examples, for solving this task are presented.  

In the contribution we have tried to show how a role of a few historical personalities is 
related to contemporary tools of modern computational mechanics.  
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Stress and strength analysis of flat samples manufactured from 
C/PPS pellets 

Z. Padovec a, R. Sedláček a, M. Král a, M. Růžička a 
a Faculty of Mechanical Engineering, Czech Technical University in Prague, Technická 4, 166 07 Praha, Czech Republic 

Presented article describes verifying tensile test based on ASTM D3039 standard [1] and its 
numerical simulation. Specimens were manufactured from two flat C/PPS plates randomly 
reinforced with pellets. These plates were cut in longitudinal and transversal directions 
because it is necessary to compare Young modulus in both directions. On each cut sample 
were bonded three strain gauges according to [1] (see Fig. 1 – where A stands for longitudinal 
direction and B for transversal). Specimens were tested on TIRA 2300 universal machine with 
head displacement rate 2 mm/min. 

 

Fig. 1. Specimens with strain gauges 

Obtained results were compared with FE simulation of the tensile test which was done in 
Abaqus software. Material data for FE simulation were based on analytical model which 
presumes transversally – isotropic behavior of material [2, 3]. Comparison of the results 
obtained by experiment and by FE simulation can be seen in Fig. 2. 
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Fig. 2. Comparison of the experimental and FE results 
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Identification of the directional distortional hardening model
on the basis of hysteresis loop

S. Parmaa, Z. Hrubýa, R. Mareka, J. Plešeka

aInstitute of Thermomechanics, Academy of Sciences of the Czech Republic, Dolejškova 1402/5, 182 00 Praha 8, Czech Republic

Distortion of yield surface can be observed during plastic deformation of metals. This phe-
nomenon known as the directional distortional hardening has been experimentally approved by
many authors who investigated various types of metals [1, 5]. Modeling of such a behaviour
has been widely performed as well [3, 4].

Feigenbaum and Dafalias [2] developed a model generalizing classical concept of isotropic
and kinematic hardening using only one additional parameter to model the yield surface distor-
tion. The model forms a system of algebro-differential equations and includes six independent
material parameters needed to be identified. Despite its complexity, analytical solution of this
system for proportional loading modes was found, extending possibilities of identification.

Although there was a procedure developed for identification based on experimental data on
monotonic loading, a method suitable for identification from cyclic loading experiments was
still missing. In order to provide such a method, stress response of the model to more complex
loading paths was investigated. Finally, the closed form equation of hysteresis loop has been
derived, being expressed as

σ11 = sgn · 1/κ2√
1−

√
3
2
cα11sgn

+
3

2
α11, (1)

where the kinematic hardening internal variable (backstress) is given by

α11 =
√

2
3

1

a2sgn

[
1−

(
1−

√
3
2
a2α11,asgn

)
· exp

(
−
√

3
2
a1a2(ε

p
11 − εp11,a)sgn

)]
(2)

and where the amplitude of backstress is given by

α11,a =
√

2
3

1

a2
tanh

(√
3
2
a1a2ε

p
11,a

)
(3)

with εp11,a as the plastic deformation amplitude, sgn = 1 for the case of tensile loading and
sgn = −1 for the case of compressive loading. κ2, a1, a2 and c are the internal parameters
of the model. In case of cyclic loading, the other two material parameters can be expressed
as k0 = 1/κ2 and κ1 = 0. Finally, the dependent variable σ11 denotes the stress and the
independent variable εp11 denotes the plastic strain.

Similarly, equation of cyclic deformation curve in σ11,a–εp11,a can be expressed by

σ11,a =
1/κ2√

1−
√

3
2
c α11

+
3

2
α11 (4)
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with the same meaning of parameters and variables as stated previously.
Thus, identification of parameters can be done by fitting any of the Eqs. (1) or (4) on appro-

priate experimental data. Particularly, the nonlinear least squares method was used.

Acknowledgements
This research was supported by GAP101/12/2315 and KONTAKT ME10024 granted projects.

References
[1] Boucher, M., Cayla, P., Cordebois, J.-P., Experimental studies of yield surfaces of aluminum alloy

and low carbon steel under complex biaxial loadings, European Journal of Mechanics, A/Solids
14 (1995) 1–17.

[2] Feigenbaum, H. P., Dafalias, H., Simple model for directional distortional hardening in metal plas-
ticity within thermodynamics, Journal of Engineering Mechanics 134 (9) (2008) 730–738.

[3] François, M., A plasticity model with yield surface distortion for non proportional loading, Inter-
national Journal of Plasticity 17 (5) (2001) 703–717.

[4] Ortiz, M., Popov, E. P., Distortional hardening rules for metal plasticity, Journal of Engineering
Mechanics 109 (4) (1983) 1042–1057.

[5] Wu, H.C., Yeh, W., On the experimental determination of yield surfaces and some results of
annealed 304 stainless steel, International Journal of Plasticity 7 (8) (1991) 803–826.

104



Identifying parameters of Kohout-Věchet fatigue curve model
S. Parmaa,b, J. Papugaa

aFaculty of Mechanical Engineering, CTU in Prague, Technická 4, 166 07 Praha, Czech Republic
bEvektor, spol. s r. o., Letecká 1008, 686 04 Kunovice, Czech Republic

Fatigue curve models have a crucial importance for fatigue life prediction and evaluation. Con-
sequently, the analytical approximation of fatigue experimental data has been addressed by
many authors, and resulted in several classical models, e.g., Wöhler (1870) [5] or Weibull
(1949) [4].

Kohout and Věchet (2001) [2] developed a fatigue curve model suitable for the use in both
low-cycle and high-cycle fatigue domains. Its applicability there is allowed thanks to additional
parameters (total 4 in comparison to common Basquin formula of 2 parameters), which get
useful in a quasi-static domain and in a region of the fatigue limit. In general form, model can
be expressed by

σ = a

(
C
N +B

N + C

)b

, (1)

where a, b, B and C are the independent parameters, σ is the stress level, and N is the number of
cycles. For the parameters specified, the curve of discussed model is plotted in Fig. 1. Practical
application of model can be found in [1, 3].

A detailed analysis of the model was realized and published in [2]. Since the model was
selected as one of the main tools in the prepared FinLiv database, the model was identified
on several tens of experimental data sets. During that time some difficulties were observed
enforcing a new analysis of the model. It was found out that some assumptions adopted in
[2], e.g., that one supposing B ≪ C, are not fulfilled in general. In addition to it, some
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subsequent formulae derived from Eq. (1), e.g., the one providing the slope of the model, need
to be generalized. While using these generalized formulae, it was shown that the limit slope of
the model (1) is constrained by its other characteristics:

slim =
1

4
ln

σ+∞
σ1

, (2)

where slim is the limit slope of model, σ1 is the strength of material, and σ+∞ is the fatigue
limit.

The nonlinear least squares formulation solved by Levenberg-Marquardt algorithm was
used for identifying the parameters. Since there were problems with convergence of the algo-
rithm in some cases, these problematic sets were evaluated with respect to Eq. (2). In Fig. 2,
relation between the number of iterations to convergence and the ratio of actual and limit slope
of the model (1) is shown. It can be seen that problematic convergence occurs when the actual
slope of the Kohout-Věchet model reaches its limit value.

These foundings are essential for any practical application of model. Thus, problematic
convergence of the model can be further analysed, and possibly result in the application of new
algorithms. As regards the constraints expressed by Eq. (2), it is an inherent property of the
model itself. It shows the limitation of the model for some experimental data.
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Parametric excitation on the fuel assembly TVSA-T
L. Pečı́nkaa, M. Švrčeka

aÚJV Řež a.s., Hlavnı́ 130, 250 68 Husinec Řež, Czech Republic

As the part of NPP Volgodonsk (VVER 1000 MW) initial start up tests, the pressure pulsations
in coolant in hot leg were measured. At the power level related to coolant temperature 314◦C,
the new frequencies 2.7 Hz and 5.4 Hz were observed with very high power spectral densities
with increasing temperature this frequency peaks vanished. This phenomenon is possible to
explain on the basis of electromechanical analogy and under supposition of the radiolysis of
the coolant. As the result, limited amount of steam is generated which significantly decreases
speed of sound and finally generates those too new acoustic frequencies. In the paper the theory
is derived and numeric assessment performed.

Fig. 1. PSDs of the acoustic frequencies for P = 16 MPa, Tinlet = 284◦C, Toutlet = 301◦C (left)
and P = 16 MPa, Tinlet = 285◦C, Toutlet = 314◦C (right)

As the part of NPP Volgodonsk (VVER 1000 MW) initial start up tests, the pressure pulsa-
tions in coolant in hot leg were measured. At the power level related to the coolant temperature
314◦C the new frequencies with very high power spectred densities have been observed, see
Fig. 1.

For the speed of sound in two- phase flow, the following equation is recommended to use
according to [1]

adf =

√
nP

xρ̄

[(
1 +

1− x
x

c2
c1

)]− 1
2

, (1)

where c1 is the speed of sound in water and c2 is the speed of sound in steam.
Basic equations of the parametric excitation are the equation for capacity C(t), which takes

the form
C(t) = c0 + Cm sin 2ω0t, (2)
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and the velocity of chase of C(t) given as

dC(t)

dt
= 2mcω0 cos 2ω0t =

2mL

xc
cos 2ω0t, mc =

cm
c0
, xc =

1

ω0C0

. (3)

Changes of the capacity C(t) in time influence:

• Acoustic mass
Ek =

1

2
mv2,

• Capacity of the primary circuit

Ep =
1

2
C(t)p2c .

Let us assume the acoustic pressure in the form

Pc = Pcm cosω0t. (4)

As the result we obtain

dEp

dt
=
P 2
cmmc

2xc
cos 2ω0t+

P 2
cmmc

4xc
+
P 2
cmmc

2xc
cos 4ω0t. (5)

The mean value ofEp after integration in time interval 〈0;T 〉 takes the formE+ = P 2
cmmc/(4xc).

This energy must compensate looses induced by the active resistance of the circuit E− =
P 2
cmr/(2x

2
c). Condition of th self-excited vibrations of the parametric resonant vibrations takes

the form E+ ≥ E−.
There are two conditions of the parametric excitation existence: ω = 2ω0 andmc = 2r/xc =

2d. If ω = ω0,
2
3
ω0,

1
2
ω0, then resonant vibrations exist but vibrations are not intensive.

Application to NPP Temelı́n (2x VVER 1000) – two acoustic systems shall be established:
• #1: core and part of the block of protective tubes between lower and middle plates,

• #2: hot leg including steam generator hot collector.
For P = 16 MPa, t = 314◦C, n = 1.3, x = 10−4, %̄ = 700 kg/m3, c1 = 970 m/s, c2 = 475 m/s
and atw = 251 m/s. As the result, we obtain for #1 and #2: f1 = 5.14 Hz and f2 = 2.75 Hz,
respectively. These values are very close to experimentally obtained results in Volgodon NPP.

The sudden increase of pressure pulsations in hot leg of the NPP Volgodon during start up
tests was explained using hypothesis of parametric excitation. Resonance vibrations are not
met. It is possible to assume that this phenomenon is common in all VVER 1000 NPPs. Theory
is known, experimental verification is needed.
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[2] Pečı́nka, L., Krupa, V., Assessment of acoustic resonances in complicated Pipiny systems by

using of electromechanical analogy, Proceedings of the conference Dynamics of Machines 2001,
Prague, Institute of Thermomechanics AS CR, 2001.

108



 

Comparison study of algorithms based on fully stress design 
method for discrete optimization of truss, beam and thin shell 

finite elements 

P. Pecháč a, M. Ságaa 
a Faculty of Mechanical engineering, University of Žilina, Univerzitná 1, 010 26 Žilina, Slovak Republic 

This paper deals with comparison of speed and stability of modifications of the fully stress 
design (FSD) method for structural optimization of truss, beam and thin shell finite element 
models. 

As the name “fully stress design” suggests, the principle of the FSD method is 
optimization of structures to full stress state, i.e. stresses in the structure should approach the 
stress limit. The FSD method is a popular approach in optimization of truss structures, mainly 
due to its simplicity and effectiveness [2]. Its main advantage against other methods, like 
Nelder-Mead method, gradient methods, Monte-Carlo or genetic algorithms, is in 
consumption of relatively small number of finite element analyses. The FSD method requires 
just one finite-element analysis per iteration step, disregarding the number of optimization 
variables, while for the other mentioned methods the number of analyses rises with number of 
optimization variables. On the other hand, the use of the presented FSD algorithms is limited 
only for optimization of structures from the aspect of stress state, without consideration of 
other limit states including buckling, excessive deformations or fatigue. Nevertheless, the 
general principles of this method can be used for other problems, as this method and its 
modifications can be considered as root finding algorithms from the mathematical point of 
view. 

The presented algorithms are based on two root finding numerical methods i.e. Regula 
Falsi and Newton’s method. The Regula Falsi or false position method is based on similarity 
of triangles, the common vertex of these triangles is called “false point”, in this case it will be 
point [0, 0]. The Newton’s method is based on a presumption that the evaluated function has 
continuous first derivation. Derivation of the evaluated function will be calculated 
numerically using similarity of triangles [3]. In case of Newton’s method, the calculation of 
derivation requires results from k-1 iteration step, so for the first iteration step all algorithms 
based on Newton’s method have to use one of the other methods. All presented algorithms 
realize uni-dimensional optimization individually for each optimization variable. 

This paper does not contain the description for all tested algorithms, instead only 2 
algorithms for every type of structure were chosen, algorithm no. 1 “classical” FSD for the 
purpose of comparison and the best performing algorithm from the remaining algorithms. For 
truss structures were tested six algorithms: 1. “classical” FSD, 2. “squared” FSD, 3. Newton’s 
method, 4. linear approximation of axial forces, 5. Newton’s method for prediction of axial 
forces and 6. “squared” approximation of axial forces. This paper contains description of 
algorithm no. 1 – “classical” FSD and algorithm no. 5 Newton’s method for prediction of 
axial forces. For beam structures were tested five algorithms: 1. “classical” FSD, 2. linear 
approximation of internal forces and moments, 3. Newton’s method for prediction of internal 
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forces and moments, 4. “squared” approximation of internal forces and moments and 5. 
“mixed” approximation of internal forces and moments. This paper contains description of 
algorithm no. 1 – “classical” FSD and algorithm no. 2 linear approximation of internal forces 
and moments. For thin shell structures were tested seven algorithms: 1. “classical” FSD, 2. 
“squared” FSD, 3. Newton’s method, 4. linear approximation of internal forces and moments, 
5. Newton’s method for prediction of internal forces and moments, 6. “squared” 
approximation of internal forces and moments and 7. “mixed” approximation of internal 
forces and moments. This paper contains description of algorithm no. 1 – “classical” FSD and 
algorithm no. 2 “squared” FSD. 

FSD based optimization algorithms were programmed in a programming language Matlab. 
Truss and beam finite element models were modeled and calculated in FEA software created 
by authors in Matlab. Models and calculations of thin shell structures were realized in a 
commercial FEA software ADINA and a cross-connection between Matlab and ADINA made 
by authors provided data transfer between ADINA and Matlab [1]. Data transfer from 
ADINA to Matlab was parallelized using Matlab Parallel Toolbox. Further parallelization of 
optimization programs allowed us to test several algorithms simultaneously and thus 
significantly reduce time needed for testing and debugging. 

The paper contains theoretical basics of finite element method, analysis of stress state and 
description of chosen optimization algorithms for truss, beam and thin shell structures. The 
core of the paper is numerical testing and comparison of proposed algorithms. The conclusion 
is dedicated to evaluation of performance of the proposed algorithms and recommendations in 
the choice of algorithm for particular type of structure. 
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Residual stress distribution in polyolefin pipes 

J. Poduška a,b, M. Ševčík a, J. Kučera c, P. Hutař a, J. Sadílekc, L. Náhlíka  
a Institute of physics of materials, Czech Academy of Sciences, Žižkova 22, 616 62, Brno, Czech Republic 

b Faculty of Mechanical Engineering, Brno University of Technology, Technická 2, 616 69 Brno, Czech Republic 
c Polymer Institute Brno, Tkalcovská 36/2, 656 49, Brno, Czech Republic 

The most frequent failure mechanism of a polyolefin (i.e. polypropylene or polyethylene) pipe 
in pressure applications is so called slow crack growth – SCG. The time to failure by this 
mechanism is usually estimated by standard extrapolation method from the results of the 
hydrostatic pressure test. However, with increasing quality of plastic piping materials, these 
tests take very long time to produce satisfactory results. The lifetime is then estimated by 
different methods that are based on the results of PENT, FNCT or CRB tests and linear elastic 
fracture mechanics [1]. 

Circumferential and axial residual stresses originate in the pipe wall during the uneven 
cooling in the process of manufacture [2]. Especially circumferential residual stress has a 
significant effect on the lifetime of the pipe, because it adds to the hoop stress invoked by 
hydrostatic pressure inside the pipe and thus helps cracks grow. It is important to know 
correct distribution and magnitude of it, so it can be included into mentioned lifetime 
calculations [3]. 

In order to assess the distribution of 
circumferential residual stress, an 
experiment was carried out using a 
quite old method – pipe is cut into a 
number of thin rings, the wall of these 
rings is divided into several layers and, 
using a lathe, some of the layers are 
removed. Then, the rings are slit 
axially and allowed to deform, while 
the change in diameter ∆D is measured 
(Fig. 1), [4]. 

A set of 8 polypropylene (PP-R 
Vestolen P9426) pipes of different dimensions was used for the experiment, the dimensions 
being (diameter/wall thickness): 32/4.4, 40/3.7, 40/5.5, 40/6.7, 63/5.8, 63/8.6, 63/10.5 and 
110/15.1. Measuring took place after one and again after four weeks after the slitting. For all 
of the pipes a residual hoop stress distribution was obtained by evaluating the measured ∆D 
by a method based on a theory of a curved beam. The residual stress distributions were 
obtained in the form of 10 discreet values across the pipe wall, because every pipe wall was 
divided into ten layers and the stress in each layer was considered constant. These values were 
then fitted with an exponential equation in the form of σtRES(x) = c1+c2e

tx, where c1, c2 and t 
are constants and x is the relative position in the pipe wall. 

FEM simulation was used to test the behavior of the rings under the influence of the 
residual hoop stress and to verify that the method of evaluation was correct. 

 
Fig. 1. Schema of the experiment 
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Although the pipe dimensions 
were different, the resultant 
residual stress distributions were 
all similar in shape and magnitude. 
If the pipes are manufactured in a 
similar manner, the residual stress 
should indeed be similar and they 
could be estimated by one general 
equation independent on pipe 
dimensions. This equation was 
proposed (see Fig. 2) for 
polypropylene. It was obtained as 
exponential fit of the average 
residual hoop stress values. 

The described experiment was 
also carried out on one 
polyethylene pipe (dimensions 
160/14.6). When the results for 
polyethylene are compared to the 
general equation that was set up for 
polypropylene, it can be seen that 
the distributions are again similar 
(Fig. 3). 

However, these distributions 
were obtained by measuring and 
evaluating deflection of thin rings. 
Longer pieces deflect more because 
of the presence of the axial residual 

stress which does not affect the thin rings. The effective hoop stress in an actual long pipe is 
then higher [5]. 

The presented research dealt with assessing the residual hoop stress in the wall of 
polyolefin pipe. A general equation for residual stress distribution in polypropylene pipe was 
proposed. It was found that it estimates correctly also the distribution in polyethylene pipe. 

Acknowledgements 

The research was supported through the grant P108/12/1560 of the Czech Science Foundation 
and a grant No. CZ.1.07/2.3.00/20.0214 of the Ministry of Education, Youth and Sports of the 
Czech Republic. 

References 

[1] Hutar, P., Sevcik, M., Nahlik, L., Pinter, G., Frank, A., Mitev, I., A numerical methodology for lifetime 
estimation of HDPE pressure pipes, Engineering Fracture Mechanics 78 (17) (2011) 3049-305. 

[2] Janson, L.E., Plastics pipes for water supply and sewage disposal: 3rd edition, Borealis, Stockholm, 1999. 
[3] Hutar, P., Sevcik, M., Frank, A., Nahlik, L., Kucera, J., Pinter, G., The effect of residual stress on polymer 

pipe lifetime, Engineering Fracture Mechanics 108 (2013) 98-108. 
[4] Williams, J.G., Hodgkinson, J.M., Gray, A., The determination of residual stres-ses in plastic pipe and 

their role in fracture, Polymer Engineering and Science 21 (13) (1981) 822-828. 
[5] Poduska, J., Kucera, J., Hutar, P., Sevcik, M., Krivanek, J., Sadilek, J., Nahlik, L., Residual stress 

distribution in extruded polypropylene pipes, Polymer Testing 40 (2014) 88-98. 

Fig. 2. The residual hoop stress distribution in polypropylene 

Fig. 3. The residual hoop stress distribution in polyethylene pipe 
compared to general equation for polypropylene 
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Fatigue crack propagation in railway axles 

P. Pokorný a,b, L. Náhlík a, P. Hutař a 
a Institute of Physics of Materials of the Academy of Sciences of the Czech Republic, Žižkova 22, 616 62 Brno, Czech Republic 

b Faculty of Mechanical Engineering, Brno University of Technology, Technická 2, 616 69 Brno, Czech Republic 

According to the latest released report of the European Railway Agency (ERA) from 2014 [1] 
the number of train accidents caused by failure of the railway axles was 52 cases in 2010, 
33 cases in 2011 and 62 cases in 2012 (failures of the railway axles in European Union). 
Because of possible serious consequences of such failure the estimation of residual fatigue 
lifetime of the railway axles could be useful for safer operation of the trains. In many cases 
the failure is associated with fatigue of material [2]. The cracks dangerous for fatigue failure 
could be present in the railway axle already from manufacturing process of the railway axle or 
from assembly of the railway wheelset, where two wheels are press-fitted on the railway axle 
and some cracks could initiate. The dangerous crack could also initiate during train operation 
where e.g. flying ballast impacts could cause scratch (deeper than 1 mm), which could 
contribute to fatigue crack initiation. In many cases there is a contribution of corrosion [3]. 
The possibility of detection of such cracks is of probabilistic nature. The greater crack is, the 
more likely detection of crack is. For estimation of the residual fatigue lifetime of the railway 
axle the crack with certain size which might not be detected by non-destructive testing 
method should be assumed. The most important point is that the railway axle with crack has 
to be removed from operation before the fatigue crack reaches the critical size. This work 
deals with estimation of the residual fatigue lifetime of the railway axle. The methodology 
used can be divided into two main parts: numerical part based on finite element method 
(FEM) simulations of growing crack in the railway axle and analytical part dealing with 
estimation of the residual fatigue lifetime based on the knowledge of fracture parameters of 
growing crack in the axle. The numerical model considers the railway axle with initial crack. 
According to experimental observations the crack has semi-elliptical shape of the crack front. 
One of semi-axes of ellipse is crack length a.  

The contribution is focused mainly on the second part, i.e. on the procedure of analytical 
estimation of the residual fatigue lifetime of the railway axle. The behaviour of such crack is 
described by stress intensity factor K. The maximal stress intensity factor in one load cycle 
could be expressed as: 

max max ,( ) ( )I I PFK aY a K aσ π= + ,     (1) 

where σmax is the maximum of remote loading stress in one load cycle, YI(a) is shape function 
obtained by K-calibration procedure based on FEM modelling and KI,PF(a) is stress intensity 
factor performed by residual stresses caused by press-fitted wheel. The contribution of press-
fitted wheel to Kmax value is similarly obtained by FEM calculations. 

For establishment of the residual fatigue lifetime of the railway axle is necessary to carry 
out an experiment focused on fatigue crack propagation rate determination of particular 
railway axle material. In this work the standard steels EA1N and EA4T for manufacturing of 
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railway axles are considered. The most common model of v-K dependence is described by 
Paris-Erdogan law: 

max max( ) ( )
da a m mC K C K
dN N

a N
∆

≅
∆

= → ∆ = ∆  for    max thK K≥ ,  (2) 

by discretization of this model it is possible to numerically express fatigue crack length 
increment a∆  for one load cycle. However, the trains are subjected to variable amplitude 
loading. This variability is caused by different service regimes of train (train goes to curved 
tracks, over crossovers, switches or different load conditions of train: full load train, unloaded 
train, etc.). Therefore, the maximum of remote loading stress σmax is not constant. Such type 
of loading is associated with interaction effects, where fatigue crack increment is not the same 
as in the case of constant amplitude loading [4]. The most important interaction effect is 
retardation of propagating fatigue crack due to overload cycles. For inclusion of retardation in 
this work the generalized Willenborg model was used [5]. This model uses effective value of 
the stress intensity factor Keff instead of the maximal stress intensity factor Kmax. Keff is 
influenced by plastic material properties and by history sequence of loading. This approach 
provides more accurate estimation of residual fatigue life time than approach which does not 
take into account existence of the retardation effects. This paper also shows the impacts of 
several different v-K curve descriptions on estimated residual fatigue lifetimes of the railway 
axles. Besides the Paris-Erdogan law, the NASGRO relationship and multi-linear model of 
v-K curve are used. The Paris-Erdogan relationship is not able to describe typical bending of 
v-K curve near to threshold value and thus residual fatigue lifetime obtained by Paris-Erdogan 
relationship gives to much conservative results. The next two considered models take into 
account this bending of v-K curve near threshold value and their estimation of the residual 
fatigue lifetime is more accurate. The important part of this work deals with sensitivity of 
threshold value on the residual fatigue lifetime of the railway axles. It is shown that little 
change of threshold value has substantial impact on the residual fatigue lifetime of the railway 
axles.  
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Influence of the fibre stiffness model in a weight-fibre-pulley-
drive mechanical system on the coincidence with the experimental 

measurement results 

P. Polach a, M. Hajžman a, Z. Šika b, P. Svatoš b 
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Technická 4, 166 07 Praha, Czech Republic 

Experimental measurements focused on the investigation of a fibre behaviour are performed 
on an assembled weigh-fibre-pulley-drive mechanical system (see Fig. 1). The carbon fibre 
(of the length 1.82 meters), which is driven by one drive, is led over a pulley. On its other end 
there is a prism-shaped steel weight (of the weight 3.096 kg), which moves in a prismatic 
linkage on an inclined plane (angle of inclination α could be changed – in presented case 
α = 30°). In presented case the position of the weight is symmetric with respect to the plane of 
a drive-pulley symmetry [1]. Drive excitation signals can be of different shapes with the 
possibility of variation of a signal rate (e.g. [1]). The influence of the fibre stiffness in the 
computational model on the coincidence of the simulation results and the experimental 
measurement results are evaluated. Time histories of the weight position and of the force 
acting in the fibre are measured. 

        

Fig. 1. A real weight-fibre-pulley-drive mechanical system and its scheme 

A massless fibre model is used in the model of the investigated system. The weight, the 
pulley and the drive are considered to be rigid bodies. Motion of the drive is kinematically 
prescribed. Investigation of the fibre properties eliminating the influence of the drive and the 
pulley (weight-fibre mechanical system only) [2] was an intermediate stage before the 
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measurement on the weigh-fibre-pulley-drive mechanical system. A phenomenological model 
(comprises e.g. influences of fibre transversal vibration etc.) was the result of this 
investigation, but the general phenomenological model of the fibre was not determined. The 
fibre damping coefficient, the fibre stiffness and the friction force acting between the weight 
and the prismatic linkage were considered to be system parameters of the phenomenological 
model. The parameters determined at investigating the weight-fibre system [2] were applied 
in the fibre model of the weight-fibre-pulley-drive system. 

At simulating the experimental measurements for “quicker” drive motion (e.g. [1]; see 
Fig. 2) the local extremes of the monitored time histories of the weight displacement and of 
the force acting in the fibre are dependent on all the phenomenological model parameters. 
From the obtained results it is evident that parameters of the fibre phenomenological model 
must be, in addition, considered dependent on velocity of the weight motion. That is why the 
influence of considering the velocity-dependent stiffness in the fibre model on dynamic 
response of the system is topically investigated. 

   
Fig. 2. Time histories of the weight displacement (left) and force acting in the fibre (right) 

The velocity-dependent stiffness of the fibre is supposed in the form 
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where c is fibre stiffness, cc is constant fibre stiffness (taken from [1]), 2c  is constant, v is 
instantaneous velocity of the weight and vtr is threshold value of the velocity of the weight. 
The optimal (constant) values of constant 2c  and threshold value of weight velocity vtr were 
found. 

Development of the fibre phenomenological model continues. It can be supposed that in 
a more sophisticated phenomenological model of the fibre a more complicated dependency of 
the fibre damping coefficient (and alternatively more sophisticated fibre stiffness model) will 
be considered. 
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Vibrations of blades couple connected by slip-stick dry friction 

L. Půsta, L. Pešeka, A. Radolfováa 
aInstitute of Thermomechanics, Czech Academy of Sciences, Dolejškova 5, 18200,  Czech Republic 

The reduction of enormous great resonance vibrations of turbine blades is very often realized 
by using dry friction contacts between vibrating elements. Many theoretical, numerical and 
experimental investigations of dynamic properties of turbine blades were done also in 
Institute of Thermomechanics ASCR particularly with the main attention on the development 
of means for reduction of dangerous resonance amplitudes of blades. The dynamic systems 
investigated in previous papers [e.g. 2-4] contain dry friction elements with “force-velocity” 
characteristics. 

Prepared paper describes a mathematical model for analysing the dynamic characteristics 
of two-blades bunch with more complicated “stick-slip” damping connections among blades 
than previously used friction characteristics. Several types of stick-slip mathematical models 
with 3D force-velocity-displacement characteristics will be presented and analysed. Effects of 
tangential micro-deformations in contact surfaces as well as of dry friction forces and 
excitation amplitudes on hysterezis loops and on response curves will be shown and 
discussed. 

Application of dry friction characteristics described by a comparatively simple 2D “force-
velocity” expressions are useful in the ranges of great relative velocities and stiff contacting 
bodies. Application of dry friction characteristics described by comparatively simple 2D 
„force-velocity“ expressions is useful in the ranges of great relative velocities. Use of only 
one motion variable - velocity v - enables an easy calculation for the majority of engineering 
problems, where the vibrating bodies can be supposed as stiff and when at great amplitudes 
only slip in contact surfaces each against other is decisive. 

However with some friction couples, where friction surfaces are placed on some relative 
compliant parts of moving bodies it is necessary to use more sophisticated computational 
model. This case is significant especially at vibrations with small amplitudes. Such a “stick-
slip” contact model is shown in Fig. 1, where the spring replaces the contact tangential 
stiffness.  

This element consists of Coulomb dry friction part consecutively connected to spring with 
the characteristic 
 )(),( 111 xxkxxxf −=−&  if 01 =x& ,  

 )(),( 111 xsignxxxf && =−  if 01 >x& . (1) 

Point A of spring and damper connection can be supposed either weightless (case a) or 
with a very small mass m1, modeling mass of elastically deformed parts of contacting bodies 
near the friction surface. 

Hysterezis loop for simple cosine motion has rhomboid-form and contains four breaks [1]. 
However, if the relative motion in the contact surface is not so simple, but contains higher 
components, the computation is much complicated and is very inconvenient for dynamic 
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a)            b) 

Fig. 1. Stick-slip contact model 

problems solution. Direct numerical solution (e.g. ODE solvers in Matlab) of ordinary 
differential equation based on transformation into a set of first order equations runs in 
difficulties with inversing function sign in friction characteristic. This complication can be 
removed by expressing the Coulomb law by means of  “arc-tangent“ function, which is 
continuous in the whole range of velocity x& :  

 )(
2

10 xarctgFF tt &α
π

= . 

Examples of rhomboid hysterezis loops in Fig.2 are drawn for three amplitudes a=2, 1.5, 
1, α =25. and for parameters of spring and dry friction element k = 1, Ft0 = 1.  

            
Fig. 2. Rhomboid hysterezis loops     Fig. 3. Model of blades couple 

Simplified mathematical model of blades couple consisting two identical 1 DOF slightly 
damped subsystems connected by a slip-stick friction contact is in Fig. 3. Differential 
equations of motion of this system excited only on the first mass are 
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These equations contain only continuous functions and can be easy numerically solved as 
will be shown and discussed at presentation.  
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The influence of floating ring bearing parameters on turbocharger
dynamic behavior

Z. Rendlováa
aFaculty of Applied Sciences, UWB in Pilsen, Univerzitnı́ 22, 306 14 Plzeň, Czech Republic

Currently the considerable attentiron is devoted to analyzing of dynamic behavior of turbocharger
rotors that is inseparably linked to bearing system characteristics. According to [2] the rolling-
element bearings or floating ring bearings are usually used in case of turbochargers. In case of
automotive applications the floating ring bearings are mostly used because they do not exhibit
excessive noise and reduce power losses [1].

The floating ring bearings comprise two oil films separated by a fully floating ring, see
Fig. 1. According to [2], each oil film transfers the force that is specified by the bearing ge-
ometry, lubricating layer properties and angular velocities of bearing surfaces. If the journal
rotates by angular velocity ωJ and the bearing bore rotates by angular velocity ωB, then the
floating ring rotates by angular velocity ωR = RSR · ωJ , where the Ring Speed Ratio (RSR) is
associated with the friction power in the bearing and can be expressed using bearing parameters
as

RSR =
1

1 + η(TO)LOcI
η(TI)LIcO

√
1−ε2I√
1−ε2O

(
DO

DI

)3 . (1)

Considering laminar flow of Newtonian isoviscous fluid in a radial cylindrical short bearing with
no cavitation effect, the damping and stiffness coefficients of the oil film result from Reynolds
equation solution. The bearing coefficients derivation is written in [3].

Fig. 1. Floating ring bearing scheme
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Considering small displacements near the static equilibrium position, the turbocharger rotor
represented by the a shaft of continuously distributed mass mounted by several wheels can be
mathemathically described using finite element method [3]. Then, this rotor is supported by
radial floating ring bearings can be described using equations of motion that can be expressed
in matrix form as

[
MR 0
0 MB

] [
q̈R
q̈B

]
+

([
BR − ωGR 0

0 0

]
+BB (ω)

)[
q̇R
q̇B

]
+

+

([
KR − ωCR 0

0 0

]
+KB (ω)

)[
qR
qB

]
=

[
fR (t)
0

]
,

(2)

where XR are matrices describing the rotor and XB are matrices representing floating ring
bearings.

The influence of bearing parameters is investigated on automotive turbocharger weighing
about 200 g that is supported by two radial floating ring bearings. Having regard to the expres-
sion (1) determining the speed of rotation of the ring ωR, the change of bearing parameters is
realized through changes of considered operating temperatures of lubricant in both bearings,
more specifically in Table 1. Recall that the change in lubricant temperature is linked to a
dynamic viscosity change.

Tab. 1. Combination of lubricating layers temperatures
Bearing a Bearing b

Inner oil film Outer oil film Inner oil film Outer oil film
I 20 20 20 20
II 100 80 70 70
III 180 140 130 120
IV 180 160 150 140

The aim of this work is to determine the effect of changes in lubricant temperature, and thus
the parameter RSR, on the dynamic characteristics of the turbocharger rotor-bearing system.
Although the floating ring bearings are more suitable in case of automotive applications [1], the
presence of four layers of lubricant significantly affects the character of the system. First of all,
lubricating layers are a significant source of turbocharger rotor-bearing system instability.
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Computational modelling of cavitation in simple geometries, but 
complex flows  

P. Rudolf a, J. Kozák a 
a V. Kaplan Department of Fluid Engineering, Faculty of Mechanical Engineering, Brno University of Technology, Technická 2896/2, 61669 

Brno, Czech Republic 

Cavitation occurs when local pressure in flowing liquid drops below saturated vapor pressure. 
If the resulting vapor bubbles are transported to regions of higher pressure then sudden 
condensation follows, which is accompanied by emission of pressure and acoustic waves [1]. 
Above described process leads to cavitation erosion and consequently to shorter service time 
of the hydraulic machines. 

However cavitating flows are also characteristic by increased amount of unsteadiness. 
Unsteady behavior is manifested by cavitation cloud shedding and by increased pressure 
pulsations. These phenomena deteriorate hydraulic machine performance and are usually 
transmitted further to the system (pipeline, valves, etc.).  

Two cases were experimentally and computationally studied: cavitating flow in 
converging-diverging (CD) nozzle [3] and cavitating flow around hydrofoil. Although both 
geometries are rather simple, the flow is very complex due to interactions of the turbulent 
flow and cavitation clouds. Computational simulations revealed that proper capturing of the 
underlying one-phase flow field is crucial to obtain correct vorticity distribution. Clouds filled 
with vapor are born from regions of concentrated vorticity and shed downstream. Only 
advanced turbulence models (Reynolds Stress Model, Scale Adaptive Simulation) are able to 
predict vorticity field and development of the unsteady swirling flow [3]. 

Increased vorticity generation in two-phase flows is caused by additional term in vorticity 
equation [2]. This equation is obtained by applying curl operator to Navier-Stokes equation 
with variable density: 

 . (1) 

The last term on the right hand side (equivalent form using differential operators is ) is so 
called baroclinic torque. Maximum vorticity generation due to this term is when the gradients 
of pressure and density are mutually perpendicular. Illustration for the case of converging-
diverging nozzle is depicted in Fig. 1. Resulting flow pattern is characterized by regular 
shedding of the vortex rings, see Figs. 2 and 3. According to numerical simulations the vortex 
rings are not present for the case of non-cavitating flows. Decreasing cavitation number 
induces generation of vorticity due to baroclinic torque term and onset of cavitated boundary 
layer separation, which is then rolled into vortex ring. 
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Fig. 1. Scheme of pressure and density distribution in the throat and diverging part of the CD nozzle 

 

 

 

Fig. 2. Cavitating vortex ring in converging- diverging 
nozzle – experiment 

Fig. 3. Vapor region in converging-diverging 
nozzle – computational simulation 

 
Shedding of the cavitation clouds was also observed in flow around NACA hydrofoil. It 

was confirmed that baroclinic torque is important for prediction of the vorticity in two-phase 
flows (or generally in flows with stratified density). Presented results stress using cavitation 
models based on transport equation of the volume fraction instead of  barotropic models in 
which , by construction, the gradients of pressure and density are parallel. 
Some conclusions for correct simulation of the unsteadiness and instability of cavitating flows 
can be drawn from present research: 
- instability is connected with vorticity generation, 
- proper capturing of vorticity in one-phase base flow is essential requirement, 
- interplay between the phase distribution and pressure gradient has to be modeled to obtain 

additional vorticity generation due to baroclinic torque. 
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Extended thermomechanical model for NiTi-based shape memory
alloys with plasticity

V. Sháněla,b, T. Ben Zinebc, J. Plešeka

aInstitute of Thermomechanics AS CR, v. v. i., Dolejškova 5, 182 00 Praha 8, Czech Republic
bFaculty of Mechanical Engineering, CTU in Prague, Technická 4, 166 07 Praha 6, Czech Republic

cLEMTA, UMR 7563, Universit de Lorraine, Vandoeuvre-lès-Nancy 54500, France

This work presents a thermodynamically formulated model of shape memory alloys (SMAs)
extended by the element of plasticity. The model is designed to simulate the response of poly-
crystalline NiTi-based SMA materials. Its features include a description of the transformation
between austenite, R-phase, martensite and its reorientation. This model has been improved
with von Mises plasticity with linear hardening in martensite, the additional dissipative process.
The model together with the extension is created within the framework of continuum thermody-
namics of irreversible processes. The model was implemented into the finite element software
Abaqus via UMAT subroutine. Several simulations were carried out for a description of its
behavior under loading and the response of the model was compared with experimental results.

Shape memory alloys are characterized by a different response on thermo-mechanical load-
ing than classic metals which makes them suitable for special use in technical as well as medical
applications. During the past few decades, a great effort has been made to create mathematical
models to describe SMA behavior.

Most of the modern SMAs models based on the principle of driving forces that are evaluated
in every increment and when such driving forces reach a certain threshold, then the current
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Fig. 1. Stress-strain diagram for uniaxial tensile test – loading and unloading with a five different
yield stresses and a hardening parameter Hp = 15 000 MPa
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process (reorientation, phase transformations, etc...) is activated. This is one of the ways to
obtain an adequate response observed in experimental results. Unfortunately these models are
often quite complicated and insufficiently robust and stable.

Another possible way to describe the behavior of SMA (see Fig. 1) is to use a thermome-
chanical framework [2]. It is the basis for the current SMA model [4] which works due to the
minimization of the Hemholtz free energy. This model is characterized by a novel form of the
dissipation function coupling martensite transformation and reorientation processes, transfor-
mation between austenite and R-phase, material anisotropy and now also with plasticity in the
martensitic phase. The model contains eight internal variables (martensite volume fracture, five
components of a transformation strain, R-phase volume fracture and plastic multiplier) which
are minimized aspect to Hemholtz free energy using the downhill simplex minimization method
by Nelder and Mead. This minimization method is unconstrained so that the hyperbolic tanget
transformation is used to ensure fulfilment of the physical limits.

Hemholtz free energy is now composed of three parts. Elastic energy f el, chemical energy
f chem and plastic energy f pl:

f = f el + f chem + f pl. (1)

Plastic term in the energy is active all the time and it is minimized in every increment. In
relation to the aspect of plasticity, two physical parameters had to be added – Yield stress [MPa]
and the Hardening coeficient [MPa]. The total plastic strain is a cumulative variable and it is
composed of many small increments to capture the changes in stress so that this model can also
be used for nonproportional loading.

The material model described in [4] was enhanced by the other dissipative mechanism –
plasticity of the martensite through the addition of one new internal variable. The extension
follows and respects all thermomechanical principles and ideas of the original model. The
future development will be mainly focused on enhancing the numerical solution of the model.
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Influence of gripping method in biaxial testing 
of soft biological tissues 

M. Slažanský a, J. Burša a, S. Polzer a 
a Institute of Solid Mechanics, Mechatronics and Biomechanics, Brno University of Technology, Technicka 2896/2, 616 69 Czech Republic 

Computational modelling has become a significant tool in many branches of biology and 
medicine. Accuracy of mechanical computational analyses is limited by disposal of high-
quality input data on material properties of the investigated biological materials. Their 
specific properties require specific approaches in mechanical testing which are not 
standardized and consequently suffer from inaccuracies caused by varying experiment 
conditions. For instance, the tested specimen of soft biological tissue can be attached and 
loaded using clamps or hooks, see Fig. 1. 

 

      

Fig. 1. Specimen gripped by means of clamps (left) and hooks (right), two pieces for each edge 
 

The number and the size of clamps and hooks have a significant impact on the distribution 
of stress and strain in the centre of the specimen, where deformation is measured. These 
effects of different boundary conditions were analyzed in [1-3] via 2D computational models 
and limited variations of gripping methods. But the following questions remained unanswered 
adequately or at all: Are 2D models sufficient for simulation of biaxial tests of soft tissues? 
How can the accuracy of stress-strain dependence be influenced by range of numbers and 
dimensions of the loading elements (clamps or hooks)? How is the accuracy influenced by 
material properties and size of the sample? In short, what is the best way of realization of 
biaxial tension tests? 

To find the answers, 3D computational models were used (see Fig. 2) to elaborate a 
sensitivity analysis of number and size of clamps and hooks. The number and size of clamps 
and hooks were optimized by computational simulations in such a way that the material 
parameters obtained in the biaxial tension test correspond to the utmost to the actual 
parameters of the investigated material. 
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Fig. 2. Computational models of specimen gripped by hooks (left) and clamps (right) 
 

Two isotropic hyperelastic models of material with different stiffnesses were used in both 
equibiaxial and proportional test protocols (displacement ratio uy:ux 1:2, 1:4). 

 

 

Fig. 3. Resulting normal strain in X axis in a quarter model using clamps (left) and hooks (right) 
in simulated proportional loading with displacement controlled protocol ux/uy = 4/1 

 

The comparison of different influences on measured data and resulting accuracy in 
determination of the true material parameters showed the following conclusions: The 3D FE 
simulations have shown that for biaxial testing of small size specimens of soft tissues both 
clamps and hooks are capable to offer an acceptable accuracy of results. Two, three, or four 
hooks per edge can be applied independently of their diameter. Two clamps give very 
accurate results in a wide range of dimensions. Three clamps are applicable in a narrow range 
of their dimensions only and for lower loads 

Acknowledgements 

We gratefully acknowledge the support given to this work by Czech Science Foundation, 
grant project No.13-16304S and faculty project No. FSI-S-14-2344. 

References 

[1] Sun, W., Sacks, M.S., Scott, M.J., Effects of boundary conditions on the estimation of the planar biaxial 
mechanical properties of soft tissues, Journal of  Biomechanical Engineering 127 (4) (2005) 709-715. 

[2] Waldman, S.D., Sacks, M.S., Lee, J.M., Boundary conditions during biaxial testing of planar connective 
tissues. Journal of Materials Science Letters 21 (2002) 1215-1221. 

[3] Jacobs, N.T., Cortes, D.H., Vresilovic, E.J., Elliot, D.M., Biaxial tension of fibrous tissue: Using finite 
element methods to address experimental challenges arising from boundary conditions and anisotropy, 
Journal of  Biomechanical Engineering 135 (2 ) (2013). (doi: 10.1115/1.4023503) 

126



 

Numerical homogenization of fibres reinforced composite 
materials using representative volume 

L. Smetanka a, J. Gerlici a, Z. Pelagič a 
a Faculty of Mechanical Engineering, University of Žilina,, Univerzitná , 010 26 Žilina,  Slovak Republic 

In this time we meet with trend replace steel materials with composite materials. In design 
practice in the selection of appropriate material puts condition that the strength, alternatively 
mechanical characteristics of material suits the point of maximum stress. Since steel materials 
have homogenous isotropic material and strength properties, the can be used from strength 
view only in this area. This can be considerably ineffective. Technology of composite 
materials allows create structure, which will suit stress state and is resistant in place of high 
stress, but in another place have not such characteristics. Development of new materials puts 
requirements not only on technology and design, but also on calculations. Today is common 
that before production of important construction perform numerical analysis whose aim is to 
design the required properties. Composite materials have be compared with steel materials 
significant benefits: low density, greater tenacity, resistance to chemical and weather 
influence, better thermal and electrical insulating properties etc. [1, 3]. 

In homogenization process the original heterogeneous material is replaced by 
homogeneous material with the same mechanical properties. In other words, homogenization 
and averaging of properties and micro-fields of the material are considered as a homogeneous 
equivalent medium at the macro-level, and the effective properties of the medium are 
determined on the basis of the analysis of the microstructure, micro-geometry and properties 
of the materials. There are various homogenization methods. Direct homogenization is based 
on the volume average of field variables, such as stress, strain and energy density. Effective 
properties can be calculated from effective properties definitions. The average and calculation 
of field variables can be performed numerically, for example, by finite element method 
(FEM) or boundary element method and geometry and microstructural properties can be 
generalized for real composite materials which do not have periodic structure distribution of 
the fibers in the matrix [4]. The composite under consideration is constituted by continuous 
and parallel cylindrical fibers with equal radius and centers periodically spaced in a hexagonal 
and a squared array, as it appears in Fig. 1.  We assumed an ideal cohesion between the fiber 
and the matrix. A procedure of homogenization of material properties of composites using the 
method of representative volume element RVE was used.  

Representative volume element (RVE) represents minimum volume element which the 
measurement can be done, to represent the properties of the whole. Its size should be large 
enough by compared to the size microstructural element, but small enough to allow an 
analysis of the available resources. The RVE dimensions are different in depending by 
arrangement fibers in hexagonal or square configuration, but also by the volume fraction fiber 
in matrix.  
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Fig. 1. Representative volume element 
 

For the homogeneous composite material, the relationship between average stress and 
strain is  
 βαβα εσ C= . (1) 

Once the components of the transversely isotropic tensor C are known, the five elastic 
properties of the homogenized material can be computed by [2] 
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Elastic wave propagation in nonhomogeneous media: A solution 
using the 2.5D meshless MLPG approach in the frequency domain 

P. Staňák a, A. Tadeub, J. Sládek a, V. Sládek a 
a Institute of Construction and Architecture, Slovak Academy of Sciences, Dúbravská cesta 9, 845 03 Bratislava, Slovakia 

b ITeCons, University of Coimbra, Pólo II, Rua Pedro Hispano, 3030-289, Coimbra, Portugal 

Numerical modeling of wave propagation in solids is a subject of interest to many engineers 
and researchers. In recent years increased attention has been devoted to development of 
theoretical and numerical models that allow accurate simulation of different types of systems 
and structures incorporating nonhomogeneous material properties or interaction between 
various media. The calculation of 3D response of longitudinally invariant structures may 
become computationally demanding, unless more efficient techniques, such as 2.5D 
dimensional approach, are applied [3, 4]. In case of 2.5D approach only the cross-section of 
the structure is discretized and Fourier series expansion is used to retrieve the results in the 
longitudinal direction. A wide range of tools is currently available for the analysis of elastic 
wave propagation in solid media including boundary element method (BEM) or finite element 
method (FEM). 

Even though the FEM has encountered wide acceptance and success on commercial 
market, it possess some drawbacks such as locking of elements, stress discontinuity across 
elements or costly remeshing in large problems with moving boundaries. The meshless 
methods, an attractive option to solve these drawbacks were developed in the last decade. 
Among many meshless or meshfree methods available, the meshless local Petrov-Galerkin 
(MLPG) method [1] has received considerable scientific attention. MLPG is a truly meshless 
method, thus no elements are required neither for approximation nor for integration of 
unknowns. This is advantageous in solving the problems with continuously nonhomogeneous 
material properties [2, 5].  

In the present paper the MLPG is used for the analysis of elastic wave propagation in 
nonhomogeneous media using 2.5D approach. Nodal points are spread on the analyzed 2D 
domain without any restrictions. Small local circular subdomain is introduced around each 
nodal point. Local integral equations (LIEs) constructed from governing PDEs are defined 
over these circular subdomains. Moving Least-Squares (MLS) approximation scheme is used 
to approximate the spatial variations of the mechanical displacement field. The essential 
boundary conditions are satisfied by the collocation of MLS approximation expressions for 
prescribed displacements on boundary nodes. The analysis is performed in the frequency 
domain with the use of variables in the form of complex numbers. 

Certain heterogeneous media can be characterized as multi-component composites with 
smooth variation of volume fraction of constituents. Nonhomogeneous material properties are 
defined through continuous variation of Young’s modulus ( )E x  as  
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where 0E  is the reference value of Young’s modulus, ,x y are the coordinates at the cross-

sectional area and r  is the radius of the cylinder. 
Hollow cylinder with nonhomogeneous material properties is analysed as a numerical 

example to demonstrate the applicability of present method. The interior hollow part is 
considered rigid, while the exterior surface is subjected to non-uniform load. Fig. 1 shows 
resulting yu - displacement response subjected to applied load in y-direction with frequency of 

1000 Hz. The results at the cross-section of the cylinder are obtained from the nodal points 
while the results along longitudinal z-coordinate are computed using the Fourier series 
expansion. The model is applicable for various frequencies of loading and material property 
variations. 

 

 
Fig. 1. Computed 3D response of displacement yu  for the nonhomogenous hollow cylinder 
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Model identification and control law optimization of fiber driven 
mechanism QuadroSphere 

P. Svatoš a, Z. Šika a 
a Department of Mechanics, Biomechanics and Mechatronics, Faculty of Mechanical Engineering, Czech Technical University in Prague, 

Technická 4, 166 07 Praha, Czech Republic 

The paper deals with the setup of a flexible multibody model of the fibre driven mechanism 
QuadroSphere. The model is completed by the combination of analytical methods for large 
motions and the experimental identification of the flexible eigenmodes. The complete 
identified flexible multibody model is used for the control law synthesis. The optimized 
control law is implemented to the functional model of mechanism.  

Optimization and design of functional model of QuadroSphere, a spherical fibre-driven 
mechanism with four drives, have been presented in [1, 2]. The following Fig. 1 illustrates an 
experimental functional model of the QuadroSphere. 

a)

b)

c)  
Fig. 1. Experimental functional model of the QuadroSphere 

The spherical central join is realized by the Cardan concept (universal joint) with direct 
measurement of three angulars positions. The force sensor is placed at the end of one of four 
fibres. The Fig. 2 describes a basic scheme of control algorithm. The position loop is realised 
in the higher level controller. The controller obtains the actual spherical position of the 
platform based on the signals from the joint incremental sensors (Fig. 1 b)). Three of four 
drives are controlled directly from the inverse kinematics, the fourth drive is controlled in 
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order to stabilize the fibre tension measured by the force sensor (Fig. 1c).  The identification 
measurement had been done. The measurement includes positon control of the mechanism 
platform with reference chirp or step signal (Fig. 2). The position control accuracy is tested by 
several versions of platform requested motion (Fig. 3).  The main target of the ongoing 
research is the widening of the servo bandwidth and consequently the improvement of the 
feedback control. There are two steps towards this aim, firstly the optimization of the 
regulator of the given structure and secondly the usage of additional active auxiliary structure. 
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Fig. 2. Control scheme (left), identification measurement response: chirp signal (top), step (down) 
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Fig. 3. Example of position control of platform 
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Influence of soil loading on fracture behavior 
of multilayer polymer pipe 

M. Ševčík a, P. Hutař a, F. Arbeiter b, G. Pinter b, L. Náhlík a 
a Institute of Physics of Materials, Academy of Sciences of the Czech Republic, Žižkova 22, 616 62, Brno, Czech Republic 

b Montanuniversitaet Leoben, Leoben, Austria 

Plastic pipes are attractive for non-pressure applications due to high flow rates, adequate 
strength for earth loads and high chemical resistance [1]. To further improve mechanical and 
physical properties of polymer pipes multilayer structuring are used. Multilayer pipes often 
consist of three different layers: inner layer (resistance against abrasion and slow crack 
growth), middle layer (improve stiffness of the pipe) and outer layer (resistance against 
external scratches and point loads). The lifetime of a modern polymer pipe is expected to 
reach up to 100 years in service. The long-term failure of the pipe is usually in a quasi-brittle 
mode in which the slow (creep) crack growth (SCG) occurs. Due to the small plastic zone in 
the vicinity of the crack tip in the SCG regime the linear elastic fracture mechanics can be 
applied. Therefore, the stress intensity factor can be used as a parameter controlling the crack 
growth in polymer pipes, see e.g. [1–3]. 

At first the pipe without a crack was numerically analysed in order to find the critical 
location for the crack initiation. The distribution of the tangential stress along the internal and 
external pipe surface is shown in Fig. 1. The nonhomogenous nature of the tangential stress is 
a product of nonhomogenous distribution of the external pressure from soil. 
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Fig. 1. Distribution of the tangential stress along the internal and external pipe surface 
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In the next step various geometries of the internal cracks were introduced into the numerical 
model. The stress intensity factors for such cracks are shown in Fig. 2. 
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Fig. 2. Stress intensity factor for the internal crack in homogenous and three-layer pipe 

 
In this paper it is shown that the soil loading has significant influence on the fracture 

behavior of buried pipes. The fracture behavior of the three layer pipe containing axially 
oriented semi-elliptical or straight crack was numerically studied. It was shown that the 
layered nature of the pipe leads to significant decrease of the stress intensity factor compared 
to a homogenous pipe. Furthermore, the material interface between internal and middle layer 
of the pipe will also contribute to the decreasing of the stress intensity factor, thereby 
prolonging the residual lifetime of the three-layer pipe. The results presented in this work can 
be useful for better prediction of the residual lifetime of the multi-layer polymer pipes 
subjected to complex loading. 
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Foundation for heavy machines 

J. Šmejkal a, F. Plánička a 
a Faculty of Applied Sciences, University of West Bohemia, Univerzitní 22, 306 14 Plzeň, Czech Republic 

The foundations shall be designed according to EN 1990 and machine loads according to EN 
1991-3. For heavy machines we usually analyse the space models of the foundation with 
machine. For modelling we used 3D solid elements, machine is modelled only with idealized 
beams with corresponding stiffness. Frame and plate models are usually not acceptable for 
block foundations because of spatial of all masses and forces. The main function of concrete 
foundations is stabilizing regularly or irregularly working of the machine. Foundation are 
civil structures, witch are deigned according to probability design (for example according to 
Euro-codes). Used materials are determined as the material with probability than 95% 
characteristics are better than prescribed (Fig. 1). In design we don’t know really material 
properties. With most detailed model of the foundation we achieve behavior of the foundation 
with greater probability, but the really behavior of the system machine with foundation shall 
be achieved with modeling of the whole system with probabilistic tools.  
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Fig. 1. Design philosophy of foundation 

The Euro Standard [2] establishes principles and requirements for safety, serviceability 
and durability of structures, describes the basis for their design and verification and gives 
guidelines for greater aspects of structural reliability. EN 1991-3 Action On Structures – Part 
3 Action induced by cranes and machinery [1] defined principles for the machine foundation 
design. A complete survey of static and dynamic forces for various design situations should 
be obtained from the machine manufacturer together with all other machine data such as 
outline drawings, weights of static and moving parts, speeds, balancing etc 
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Plate model of the foundation Solid 3D model of the foundation 

Fig. 2. Various level of modeling for frame foundation for turbo - set 

The most frequent material for foundations is concrete (Fig. 2). It must be concrete 
structure without cracks. Cracks can cause lowering of stiffness of the foundation. For normal 
reinforcement concrete structures all tension carry reinforcement, but for foundation for heavy 
machines tension must carry concrete. It is necessary to eliminate the early cracks too. 
Although we eliminate cracks, the non linear analyses of the foundation can be necessary 
caused by non linear behaviour of the bedrock. 
 

 

 

 
Frame model of the foundation Plate-Wall model of the foundation 

Fig. 3. Various models for spring supported frame foundation for turbo – set 
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Multibody model of a human body
J. Špičkaa,b, M. Hajžmana, L. Hynčı́ka,b

aFaculty of Applied Sciences, UWB in Pilsen, Univerzitnı́ 22, 306 14 Plzeň, Czech Republic
bNew Technologies Research Centre, UWB in Pilsen, Univerzitnı́ 22, 306 14 Plzeň, Czech Republic

Purpose of this paper is to build a 2-dimension model of a human body based on multibody
dynamics approaches. A system of articulated rigid bodies is linked by rotational joints and
constrained in open kinematic tree structure, to approximate external shape of a humanoid. The
model contains 17 rigid bodies, namely Pelvis, Abdomen, Thorax, Neck, Head, Left and Right
Arms, Left and Right Forearms, Left and Right Hands, Left and Right Tights, Left and Right
Calves and Left and Right Feet and 16 rotational joints, representing real human’s joints, namely
L5/Sacrum joint, T12/L1 joint, C7/T1 joint, Atlas/T1 joint, Shoulder joints, Elbow joints, Wrist
joints, Hip joints, Knee joints and Ankle joints, as is shown in Fig. 1.

The simple model of the human body is created in
order to capture global behaviour of the human body
and particular segments, respectively. Each body holds
its dimensions, mass, moments of inertia and location
of a centre of gravity (COG). Kinematics of all the bod-
ies can by fully described within position of reference
point A and relative rotation of the body around this
particular point [1, 2], as

X = rA + S(ϕ)x, (1)

where X are coordinates of any point with respect to
the global coordinate system, rA are coordinates of the
reference point A with respect to global coordinate sys-
tem, S(ϕ) is transformation (rotational) matrix of rela-
tive rotation given by angle ϕ and x are coordinates of
the particular point in the local (body-fixed) coordinate
system of the body.

Fig. 1. MBS model of human body

Authors use Lagrange’s equations of a mixed type with multipliers to derive equations of
motion [1]. Firstly, energy balance method is introduced, namely the kinetic and the potential
energy for most general case (centre of gravity does not coincide with origin of local body-fixed
coordinate system). Kinetic energy of the system in a general 3D case can be expressed in the
following form [4]

Ek =
17∑

i=1

[
1

2
(ṙiA)

2mi +
1

2
(ωi)T IiAω

i + ṙiA(ω
i × di)mi

]
, (2)

or in a 2D case
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Ek =
17∑

i=1

[
1

2
(ṙiA)

2mi +
1

2
I iA(ω

i)2 −miωi(ŷicogv
i
Ax

− x̂icogv
i
Ay
)

]
, (3)

where ṙA = [vAx , vAy ]
T is velocity vector of reference point A, m is the mass of the body, IA

is the moment of inertia with respect to point A, ω is angular velocity of the body around the
point A, x̂cog, ŷcog are coordinates of the centre of gravity with respect to the local coordinate
system.

Potential energy is given by the generalized forces loading the system. In this case, only
gravity force is acting on all the bodies at their centre of gravity, thus the potential energy can
be expressed as

Ep =
17∑

i=1

migyicog, (4)

where yicog is coordinate of the centre of gravity with respect to the global (inertia) coordinate
system. Equations of motion of the human body model is derived using Lagrange’s equation of
a mixed type with multipliers [1, 2] as

[
M ΦT

q

Φq 0

] [
q̈
−λ

]
=

[
Qe +Qv

Qd

]
, (5)

in which M is mass matrix, Φq is Jacobian matrix of constraints, q̈ is vector of generalized
accelerations, λ is vector of Lagrange’s multipliers, Qe is vector of generalized applied forces,
Qv is a vector of inertia forces, that absorbs terms that are quadratic in the velocities and Qd is
a vector that absorbs terms that are quadratic in the velocities and bodies i and j are constrained
by the rotational joint, that eliminates relative translation between these two bodies, and allows
only one degree of freedom of relative rotation. This kinematic constraint requires two points,
P i and P j on bodies i and j, respectively, that coincide through the motion. The constraint
equation can be written [2] as

Φ(qi, qj) = riA + Sixi
P − rjA − Sjxj

P = 0. (6)

Equations of motion (5) lead to index one differential-algebraic equation, that can be nu-
merically solved. MATLAB software is used for numerical solution, simulation and graphical
visualization. Possible contacts between the model of human and some infrastructure or possi-
ble self-impact between bodies, are going to be add to the system and solve using a continuous
contact force model, regarding Hertz’s theory [3]. For the future improvement, the model will
be expanded into 3-dimensional model respecting the contact scenario [3].
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Crack initiation from sharp V-notch tip in the case of out of 
plane bended specimen 
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This contribution is focused on the estimation of the critical applied stress values for the crack 
initiation from sharp V-notch tip in the case of out of plane bended specimens. The 
generalized approach of the linear elastic fracture mechanics (GLEFM) was used because the 
stress singularity exponent differs from 0.5 in studied case. 

The stability criterion based on the generalized strain energy density factor was applied 
[1, 2]. Analytical solution of the stress singularity exponent depends only on the value of the 
V-notch opening angle. In the case of out of plane bending it is also influenced by the free 
surface and existence of so-called vertex singularity. An analytical solution of this stress 
singularity is not known, therefore it has to be estimated numerically from the stress 
distribution around the V-notch tip [3]. The critical stress values are estimated using finite 
element method and analytical methods. Finally, results obtained were compared with 
experimental data published in the literature [4]. 

The numerical model of the out of plane bended specimen was created according to 
literature [4]. The geometry is shown in the Fig. 1. The dimensions of the specimen were: 
lengths L1 = 103.12mm and L2 = 50.8mm, width w = 40.64mm, notch depth a = {5.08, 6.34, 
7.64, 8.90, 10.16}mm, thickness t = 2.921mm and V-notch opening angle α = 45°. Material 
corresponds to PMMA: Young´s modulus E = 2.3GPa, Poisson´s ratio ν = 0.36, fracture 
toughness KIC = 1.8625MPa⋅m1/2 and tensile strength of the material σc = 70MPa. Material 
was considered as homogenous, linear elastic and isotropic. 

 
Fig. 1. Geometry and boundary conditions of the specimen [4] 

According to [5] let us suppose that the stress distribution around the notch tip in each 
single plane perpendicular to the crack front can be generally approximated as 2D solution in 
the form: 

  (1) 
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where HI is a generalized stress intensity factor [MPa⋅mp], p is a stress singularity exponent 
and fij(p,θ) are known functions, p,θ are local polar coordinates with origin at the V-notch tip. 

The used stability criterion was originally derived by Sih [6] for cracks. Subsequently it 
was extended by Knésl [2] for sharp V-notches. Finally it is expressed by: 

  (2) 

where KIC is fracture toughness, p is stress singularity exponent, kn is function of the Poissons 
ratio ν, U1,V1 are known functions of the stress singularity exponent p, d is a critical distance.  
 

     

Fig. 2. Comparison of the estimated critical applied stresses with the experimental data taken from [4] 

The boundary conditions and the influence of the free surface and vertex singularity were 
taken into account, therefore the stress singularity exponent p along the crack front must be 
estimated numerically by using log-log regression analysis [3]. It is caused by the different 
fracture behavior due to fact that the crack starts to propagate from the point at the free 
surface, see detail in Fig. 2. 

Critical value of the applied stress for crack initiation from the sharp V-notch was 
estimated by using criterion based on the generalized strain energy factor. The comparison 
between results obtained and experimental data taken from literature is shown in the Fig. 2. 

There was shown the practical applicability of the stability criteria based on GLEFM to 
estimate the crack propagation from the sharp V-notch, even when the area of the crack 
propagation is significantly influenced by the vertex singularity. 
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String meters for testing of mechanical functionality of bridges 

P. Štemberk a, J. Záruba a, S. Řeháček a, D. Čítek a 

a Klokner Institute, CTU in Prague, Solinova 7, 166 08, Prague, Czech Republic 

Basic information: String tensometric method is converting measured values into modified 
prestress of prestressed steel string or into the change of the own frequency of lateral 
oscillation of the string.  Metered own frequency in case of static metering is not distorted due 
to long-distance transmission of frequency signal of the nominal string.  It is therefore a 
mechanical measuring method allowing simple electrical metering and transfer of output 
information through similar electronic equipment as is being used by telecommunication 
devices for transmission of acoustic records. 
General advantages of string tensometric method are: 

• High stability of „zero entry“ measured with use of strings produced for musical 
instruments. 

• As the thermal expansivity of the string is almost identical with concrete and structural 
steel the applications in the construction industry provide for high rate of  self-
compensation of thermal impacts. 

• Frequency can be in fact considered as a digital information, in other words frequency 
information can be simply and clearly transformed into classical form of digital 
information.  

• From the aspect of long-term observations the important advantage in order to keep the 
maximum continuity of measuring is full separability of the mechanical part of string 
meter from its electronic equipment. Mechanical part of tensometer can become a 
permanent part of the building structure as its case can be perfectly watertight sealed 
with soldering.  

History of the method development in the Klokner Institute: Beginning of the string method 
development is close to the date of restoration of KI function after the WW II and relate 
mainly to need of verification of transportation buildings functionality damaged and neglected 
during the war. The most remarkable impulse however was the need of control of 
development of temperatures and internal strains in concrete works of dams of Slapská and 
Orlická reservoirs.  

From the metrological aspect already in 50s the availability of industrially produced string 
meters for tensometric measurements was secured with metrological quality close to 
theoretical maximum of these measurement tools fully complying with real needs of the 
construction industry. The worldwide primacy of this achievement was awarded with gold 
medal during the world expo in Brussels 1958.  

Further development therefore tended rather to extension of application scope of this 
string methodology, innovations for the purpose of production simplification of produced 
gauges.  

The most significant act of this path was most probably the changeover to full separability 
of mechanical and electronic parts of string meters at the turn of 60s and 70s. 
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Fields of application: Orientation to issues as are control of mechanical function of 
transportation buildings, control of function of water works (internal strain, pore water 
pressures, levels, leakages etc.), construction geology (load on soils, shifting, landslips, 
compression, pore pressures and also states of stress and deformation of underground 
buildings etc.), geotechnical underground probes, scales and weighing, equipment of 
meteorological stations and systems of timely notification of local flood danger, controls of 
changes and increase of weight in livestock production, control of stock level of loose 
materials, experimental static dynamics, area-type flowmeters etc.  
Readiness status: namely after 1968 the relation between research of measuring technologies 
and its production had low effectiveness and often rather sabotage defects, the condition 
lasting in various forms on certain level till now. It became therefore customary that the 
applied research terminated on the level of functional prototype but the last costly steps 
including among others structural modifications necessary for industrial production with the 
existing machinery were not considered by the government necessary to be funded. 

The readiness status in this condition therefore does not correspond with tested functional 
sample. 
Technical solution of equipment: Developed system consists of string deformeters (joint 
meters) for control of saddles compression, deflectometers with string load gauge for control 
of the deck deflection and external string tensometers (Fig. 1) in case of occasional request for 
control of change of state of stress in selected parts of the structure.  

New electrical equipments consists of new electromagnetic converter for detection and 
excitation of undamped oscillations of the detector string, oscillator, transducer for 
digitalisation of frequency data, remote control circuits connected to the input of radio 
connector transmitter, metering apparatus with input provided with instruction side of radio 
connector fit for automated functions during bearing test.  
 

 
Fig. 1. External string tensometer 
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Thermodynamic loss of condensation in steam turbine cascade 
M. Šťastnýa, M. Šejnab 
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bPC-Progress, Anglická 28,120 00 Praha, Czech Republic 

The thermodynamic loss is a major part of the loss connected with steam condensation in the 
first wet stage of low-pressure (LP) steam turbines. The magnitude of the thermodynamic loss 
depends on the prevailing mode of condensation, i.e., homogeneous (spontaneous) or 
heterogeneous. The calculations of Laali (1991) [1] indicated that, for homogeneous 
condensation in the first wet stage of the LP cylinder of a 900 MW nuclear steam turbine, the 
thermodynamic loss was 0.8 MW. 

The effects of chemical impurities on nucleation and heterogeneous condensation occur 
mainly in the salt solution zone (SSZ). The approach used in this paper is based on the binary 
nucleation of the main chemical impurity NaCl and water. Physical and mathematical models 
are then applied to steam flow with homogeneous and heterogeneous condensation in the 
nozzle cascade of the first wet stage of the LP part of a 1000 MW nuclear steam turbine. These 
calculations help in clarifying the different thermodynamic losses related to steam flow with 
homogeneous or heterogeneous condensation. 

The two-dimensional wet steam flow is described in the paper by the system of Euler 
equations. The system is linked with equations describing homogeneous or binary nucleation 
and with equations describing water droplet growth by condensation. The mathematical model 
of homogeneous and binary condensation is described in Šťastný and Šejna (2014) [2]. 

The nucleation numerical model was applied to the calculation of the flow with 
homogeneous and binary condensation in the 2D nozzle-blade cascade used in the first wet 
stage of the LP part of the 1000 MW steam turbine. The mid-span profile was chosen for the 
study and its shape can be seen in Fig. 1. 

From the inlet total conditions it follows that the inlet superheat is (Tat – Ts) = 0.6 K. The 
Mach number downstream of the cascade assuming isentropic flow is Meis = 0.83. The flow in 
the cascade is therefore subsonic and steam condensation occurs. 

The distribution of the subcooling under the SSL for homogeneous condesation is shown in 
Fig. 1 and for heterogeneous condensation in Fig. 2. The steam saturation line lies near the 
leading edges of the profiles. The subcooling under the SSL gradually grows. The difference 
between homogeneous and heterogeneous condensation is mainly in maximum value of 
subcooling. 
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Fig. 1. Homogeneous subcooling ∆T [K] under the SSL. ∆T of isolines = 2 K 
 

 

Fig. 2. Heterogeneous subcooling ∆T [K] under the SSL. ∆T of isolines = 1 K 
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One-dimensional mathematical model of oil extraction process 
in a continuous screw press 

J. Voldřicha, J. Očenášeka 
aNew Technologies - Research Centre, UWB in Pilsen, Univerzitní 22, 306 14 Plzeň, Czech Republic 

Oil expression within screw presses is at present the most common mechanical method to 
extrude oil from oleaginous seeds. The objective of this work is to present one-dimensional 
continuous mathematical model of the pressing and oil extruding process in an expelling 
screw press. 

 
Fig. 1. Screw extruder scheme indicating main process zones 

The oil-seed compression processes in a screw press undergo three main stages as marked 
at the Fig 1. After the feeding zone, where most of the air is pressed out, is the mass conveyed 
and gradually compressed until the seeds reach the oil point. Mathematical model presented 
within this work was design to simulate specially the processes in the oil expelling zone, 
where oil is being separated. 

The physical model of material representing oleaginous seeds distinguishes two separate 
phases. First is the solid porous matrix, which represents solid parts of the seed (excluding 
oil). It is treated as incompressible, but its inner pores are compressible. Second phase is the 
oil filling the matrix pores, as well treated as incompressible. Motion of this composite in the 
screw press is approximated by a non-Newtonian fluid flow, whereas the drain of the oil 
within the porous matrix is described by the Darcy’s law. 

Presented one-dimensional mathematical model is based on the extruder theory [1, 2] 
mathematically expressed by an ordinary differential equation for pressure P distribution 
along the coordinate z, which is defined in transformed uncoiled slit geometry, see Fig. 2. 
This geometry is a good approximation for volumes with a small fraction of the slit height to 
width. Since the classical extruder theory describes flow of an incompressible fluid with a 
constant volume flow, model extension is introduced for 
the description of the volume flow Q related to the oil 
drain through the barrel mesh (Eq. (1)) and change of the 
porosity Φ. 

   , (1) 
   . (2) 

Fig. 2. Geometry of the 1D model 
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Here           denotes the porous matrix permeability (significantly dependent on the porosity 
Φ) and µoil is the oil viscosity. Function     defines the oil drain out through the barrel 
according to Darcy’s law.  Parameter Λ characterizes throughput of the meshed barrel for the 
oil to leave. Terms A and B are based on the flow velocity field within a rectangular slit 
predicted by Newtonian fluid flow (Fig. 2) 

   (3) 

where parameters b, h, D, and ϕ define the geometry (see Fig. 1 and 2) and factors f1,2 are 
correction factors incorporating the nonlinear effect of the non-Newtonian fluid flow, n is the 
non-Newtonian fluid exponent, µc is the viscosity of the compressed composite and N gives 
the screw rpm. Methods of material parameter identification are discussed for instance in [3]. 

It has been experimentally verified that the contact mode of the seed mass with the barrel 
and the screw is rather to be described by the Navier condition than by Coulomb friction. 
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Fig. 3. Case study of a multi-segmented screw press; figure displays absolute pressure profile and decreasing 

porosity as a function of axial distance L 
 

Presented model is also capable to cover partial sliding of the compressed seeds mass on 
the contact with the screw and the barrel, the pressure gradient along the screw press axis and 
the volume fraction of expressed oil. Properties of the model are demonstrated on real screw 
press geometry, see resulting pressure and porosity profile at Fig. 3. Details of numerical 
implementation are given in [4]. 
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Phenomenological and physical models of automotive shock 
absorbers 

J. Volech a, Z. Šika a 
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Shock absorbers are inconsiderable piece of engineering work that mainly contributes to the 
car behavior on the road. To evaluate the usefulness of automotive shock absorbers there are 
several steps. 

The first step in this evaluation is to develop a high fidelity model for use in control design 
and analysis. This task is challenging because the damper is a highly nonlinear device. There 
are two options here. 

First is phenomenological model´s are used for quick simulations and control. However, 
the phenomenological models are black box system. The inner function of dampers isn't 
tractable and they can't be used for developing new shock absorbers. 

Second option is that phenomenological model, in order to relate the model coefficients 
directly to the tunable damper components, is abandoned in favor of the so-called white box 
models that provide the necessary insight in the damper physics (physical model‘s). They are 
extremely versatile and can exhibit a wide variety of hysteretic behavior. For that they are 
used in full CAE approach to deal with tuning of dampers. However, the physical models are 
very sophisticated and the governing equations are extremely stiff, making them difficult to 
deal with numerically. 

The second step is identification. Based on the given data, a simplex optimization method 
is employed to determine appropriate parameters for the analytical model. Comparison with 
the data indicates that the models presented are accurate for a wide range of operating 
conditions and are appropriate for use in control algorithm development and system 
evaluation. 

This paper involves the presentation and identification of a five phenomenological damper 
models that predicts the damper force as a function of the damper displacement and velocity 
for a given set of tuning parameters. Those can be identified from dynamometer 
measurements only. Then three chosen models are identified on data from physical model and 
compered with each other Fig. 1. 

The five phenomenological models are:   1 Base phenomenological model 
       2 Bingham model 
       3 Gamota and Filisko model 
       4 Bouc-Wen model 
       5 Modified Bouc-Wen model 
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Fig. 1. (1) Base phenomenological model; (2) Bouc-Wen model; (3) Modified Bouc-Wen model 

 

Measured data was used from physical model that predicts damper behavior whit 
an average mean square value of RMS error is about 0,25% [1]. Three phenomenological 
models were choose (Base phenomenological model, Bouc-Wen model, Modified Bouc-Wen 
model) the other two (Bingham model, Gamota and Filisko model) were not considered due 
to low prediction ability [4].These models were identified on continuous harmonic sinusoidal 
displacement. And In order to quantify the validity of the present identification, the RMS 
value of the measured damper force and the RMS value of the residual between predicted and 
measured force has been computed and listed in Table 1. Quality of the predicted damper 
force for the three selected models. 

 
Table 1. Quality of the predicted damper force for the three selected models 

 

Models RMS Damper force [N] RMS residual force [N] Relative RMS error 

Base 
phenomenological 

model 
1093,33 84,19 7,7 % 

Bouc-Wen model 1093,33 108,98 9,88 % 

Modified  
Bouc- Wen model 

1093,33 54,22 4,96 % 
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Principles of creation of structured grids for CFD simulations 

T. Zábranský a 
a Výzkumný a zkušební ústav Plzeň s.r.o., Tylova 1581/46, 301 00 Plzeň, Czech Republic 

This article deals with the creation of structured grids for CFD simulations, mainly turbine 
blade stages. The desired grid properties of computational grids are discussed. Trends of 
structured grid creation are also presented. Approach of tuning of y+, a parameter for first 
layer of cells in boundary layer, is presented, and y+ is compared with computed results. The 
possibility to estimate y+ before CFD computation is described. 

In CFD simulations, mesh quality has a huge impact on both results quality and 
convergence speed. Experience shows that it is best for a calculation to have a fine grid with 
only hexagonal cells of good quality. This requirement is hard to achieve for complex 
geometries and impossible for some shapes. However, it is possible to mesh computation 
region of turbine blades according to these demands. One possibility to ensure hexagonal cells 
in the whole region is to create a structured grid. Most modern programs do this by dividing 
the computation region into large fictional hexagonal blocks, and then meshing the blocks 
separately with structured grids connected to each other on its sides. This approach can be 
achieved automatically or manually by the user. 

A good example of such a program is GridPro. It requires the user to manually create the 
mesh blocks, which gives the user complex control over the generated mesh. This approach 
can be complicated and time demanding because the user has to fabricate the block grid for 
meshing, and to define it point by point, but the outcomes are as good as the user can think 
up. An example of such grid can be seen in Fig. 1. During the mesh generation, the software 
tries to maintain best quality for all cells within all the blocks and shapes these blocks 
according to this. The resulting mesh then looks like in Fig. 2. It is not necessary for the 
whole mesh to be strictly structured but each block is structured and all cells are hexagonal. 
Another issue about mesh generation for CFD computation is so called y+. It is a number 
representing a dimensionless cell to wall distance. It is defined as y+ = u*.y/ν where u* is 
friction velocity at the nearest wall, y is the distance to the nearest wall and ν is the local 
kinetic viscosity of the fluid. Desired value of y+ is below 5. Contribution of this number is in 
possibility to estimate whether mesh near walls is sufficiently smooth for solving the 
boundary layer problem or not. 

There are two main problems. In time of grid generation, friction velocity near wall is 
unknown, and viscosity is not always known. This problem can be partially solved by 
guessing the properties of the flow in advance and it can be solved completely only by 
making one computation and making new mesh afterwards. Another problem is to generate a 
fine mesh on the boundaries. Resulting first cell size by the wall can be 103 smaller than free 
stream mesh, which leads to high aspect ratio or bad cells and sufficient number of cells 
across the boundary layer is considered to be higher than 10 (different sources state different 
numbers but always higher than 10), which can lead to enormous growth of cell number in the 
mesh. 
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So the question is whether it is worth it to bother with such a time consuming process in 
daily application. It is clear that in applications where we study flow boundary layer, it is of 
high importance to have very fine boundary layer. 

An example of impact of the boundary layer mesh on results in ANSYS Fluent code was 
made on low pressure turbine stage. The grids were the same except for the boundary layer 
grid. Boundary layer increased cell count by about 100%. The overall flow rate, temperature 
and pressure drop across the stage varied less than 1% for both variants but the axial force on 
rotor blade varied by 55%, which is very high. This shows high importance of boundary layer 
and y+ tuning for problems involving influence of the flow on walls. 
 

 
Fig. 1. Example of GridPro block generation 

 
Fig. 2. Example of mesh generated in GridPro (trail edge of rotor blade) 
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Material damping is an important factor which influences vibrations attenuation, the state of 
stress, the force transmission through the constraint elements and on certain conditions it can 
become a source of self excited oscillations. Its effect on behaviour of mechanical systems is 
significant especially if they work close to the resonance regions. Internal friction of metals, 
especially of steels, is comparatively well investigated but more studies are needed to learn 
about the damping of new non-metallic materials. 

The system which is a subject of the following investigations (Fig. 1) consists of a rigid 
steel platform (80 kg mass) that is coupled with the frame by four bars made of carbon 
composite material (Young's modulus 120 GPa, density 1516 kg/m3). Under the platform 
there is placed an electric machine producing time varying magnetic field which excites the 
platform in the vertical direction by a force whose time history can be considered as periodic 
(Fig. 2). The task is to analyze amplitude of the platform oscillations in the specified 
frequency interval (50 - 1000 rad/s). 

 
 
 
 
 
 
 
 
 
 
 
 

 Fig. 1. Investigated mechanical system Fig. 2. Time history of the excitation force 
 

A series of experimental measurements have been conducted to analyse material damping 
of a prismatic carbon composite bar. The measured parameter was the damping ratio obtained 
for several vibration frequencies. Consequently, it was transformed to the damping 
coefficient. Approximations of its dependence on frequency assuming the viscous and 
hysteretic damping models are evident from Figs. 3 and 4. The results show that the damping 
coefficient is almost frequency independent which implies that character of the damping can 
be considered as hysteretic with the mean value of the damping coefficient 0.017. 
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 Fig. 3. Approximation assuming viscous damping Fig. 4. Approximation assuming hysteretic damping 
 

Because of the symmetry only one quarter of the system was analyzed (one bar and ¼ of 
the platform). In the computational model the bar was considered as linearly elastic and the 
platform as absolutely rigid. Material of the bar was represented by a Maxwell-Weichert 
model whose constitutive relationship takes the form 

 ( )∑∫
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−−+=
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σ, ε are the stress and strain, E is the Young’s modulus, µK, bK are the damping parameters, t is 
the time, ND is the number of terms used to describe the hysteretic damping and (.) denotes the 
first derivative with respect to time. Values of the damping parameters determined by means 
of the procedure described in [1] ensure that the damping coefficient remains (sufficiently) 
constant in the required frequency interval (Fig. 5). 

The bar was discretized into finite elements. Time history of the periodic excitation force 
was approximated by the first 11 terms of the Fourier series. The steady state response for the 
individual excitation frequencies was calculated by employing a trigonometric collocation 
method. The peak-to-peak vibration amplitude in dependence on the excitation frequency is 
drawn in Fig. 6 and the platform phase trajectory for the frequency of 230 rad/s in Fig. 7. 

 
 
 
 
 
 
 
 
 
 

Fig. 5. Damping coefficient - frequency Fig. 6. Response characteristic         Fig. 7. Platform phase trajectory 

Acknowledgements 

The work has been supported by the research projects CZ.1.05/1.1.00/02.0070 and 
CZ.1.07/2.3.00/20.0070 which is gratefully acknowledged. 

References 

[1] Genta, G., Amati, N., On the equivalent viscous damping for systems with hysteresis, Atti dell’ 
Accademia delle Scienze di Torino, 2009. 

50 100 150 200 250 300 350
0

0.01

0.02

0.03

0.04

Vibration angular frequency   [ rad/s ]

D
am

pi
ng

 c
oe

ffi
ci

en
t  

 [ 
- 

]

Viscous damping assumption

50 100 150 200 250 300 350
0

0.01

0.02

0.03

0.04
Hysteretic damping assumption

Vibration angular frequency   [ rad/s ]

D
am

pi
ng

 c
oe

ffi
ci

en
t  

 [ 
- 

]

0 200 400 600 800 1000
0

0.003

0.006

0.009

0.012

0.015

0.018

Vibration frequency   [ rad/s ]

D
am

pi
ng

 c
oe

ffi
ci

en
t  

 [ 
- 

]

0 200 400 600 800 1000
0

0.5

1

1.5

2

2.5

Angular frequency   [ rad/s ]

P
ic

k-
to

-p
ic

k 
am

pl
itu

de
   

[ m
m

 ]

-0.2 -0.1 0 0.1 0.2
-0.15

-0.1

-0.05

0

0.05

0.1

0.15
Excitation frequency 230 rad/s

Vibrations ampitude   [ mm ]

V
ib

ra
tio

ns
 v

el
oc

ity
   

[ m
/s

 ]

152



 

Experimental verification of fatigue state of bridge construction 
using string tensometric method 

J. Záruba a, P. Štemberk a, D. Čítek a
 

a Klokner Institute, CTU in Prague, Solinova 7, 166 08, Prague, Czech Republic 

Development of the experimental method was caused by urgent need to find new diagnostic 
method for checking of the condition of mechanical functionality of bridges and so without 
need of closure of traffic for diagnostic monitoring of the building.  The need was 
necessitated mainly by orientation of the bridge building industry on mixed and prestressed 
reinforced structures even in case of construction of strategic buildings as is Nuselský bridge, 
built in the developed area.  

From the aspect of diagnostics the most serious new problem is that in mixed and 
prestressed reinforced structures the most serious fatigue failures do not have to originate and 
spread from the structure surface.  Besides efforts of design engineers to secure maximum 
reliability and life of buildings lead to the endeavor to provide all parts of the structure with 
the same level of reliability and life thus causing that the point of origin of first failure is even 
more difficult to find. Problems of diagnostics of condition of strategic transportation 
buildings are methodically almost analogical with problems of diagnostics of health condition 
of living organisms, where the development of diagnostic methods is on much higher level so 
when looking for possible methods of diagnostics in construction we can come from solutions 
reached by health services.  

Construction industry is missing mainly real operative and economical methods of 
assessment of the extent and importance of internal failures (inner organs). Basic difference 
are much larger dimensions of building structures: 

• for example methods of irradiation need relatively higher larger preliminary location 
of the failure point, 

• use of X-rays and similar emitters in open constructions proved to be too dangerous, 
• in case any analogy of a magnetic resonance is found, a military embargo would be 

most probably laid on it, 
• internal failures with traffic load lead to defective release of heat energy due to friction 

in failure joints. Such sources of heat energy could have been at least locally specified 
with use of thermovision but because of instability of the environment (in respect of 
temperature, wind and humidity) the reliability of such performance is low. So a 
successful application use has not been known so far.  

As the most promising seems methods similar to EKG and similar as is for example 
diagnostics based on observation of changes of response to traffic load.  This method is 
becoming more economically real with development of electronics. Currently the main 
problem is, which characteristic parameter of the response to follow and how to determine 
reliably relation of development of monitored parameter on the fatigue level towards aging of 
the building. 
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So far the most appropriate to start solution of this problem seemed orientation on 
monitoring of development of autocorrelative functions of response to traffic load in areas 
close to areas of increased hazard of failures of bridge structure occurrence.  Reason for this 
choice is that this characteristics of static dynamics does not in advance fully eliminate any 
part of information obtained by monitoring and leads to simple obtaining of diagrams in the 
forms that can be hopefully used similarly as EKD in health services. Besides, in relation to 
application of KI developed string method of measuring this is method that does not 
necessarily need use of electronics based on use of microcomputers.  

Only experimentally obtained experiences would show which observed change of 
mechanical characteristics of the structure is the most suitable for purposes of estimate of its 
residual life and in which extent would have to be extended monitoring to other mechanical 
features of the structure.  

Main hopes are held out for monitoring of changes of the position of neutral area of the 
most flexurally stressed parts of the bridge, also for monitoring of changes of first three own 
frequencies, namely their relative differences. As a complementary information specifying 
causes of monitored changes would serve monitoring of exhibits of internal dumping of the 
structure or relation of amplitudes of oscillation excited by the traffic in three basic shapes.  

Similarly to assumed target diagnostic methodology the new preliminary practical inquiry 
of experiences with new developed methodology must follow from mathematical model of 
assumed progress of life loss until full collapse of the diagnosed building.  This mathematical 
model should be at least for typical buildings checked by an experiment on real mechanical 
model. Based on the estimate of the course of gradual destruction obtained by the model the 
diagnosed structure must be provided with installed relevant detectors (we expect string 
tensometers in maximum extent possible) and monitored parameters of the response to traffic 
load, intervals and frequency of monitoring cycles must be selected.   

Subsequently or on-line it would be necessary to compare parameters obtained by 
monitoring with parameters estimated with mathematical model and in case of a difference to 
find its cause and take remedial measure (for example to postpone deadline of planned 
reconstruction or maintenance). In case of verification of methodology to review the 
mathematical model or to look for monitored parameter which would allow higher reliability 
and accuracy of diagnostic estimate of real life.  

It is necessary to install relevant sensors on the diagnosed structure (we expect in highest 
extent possible string tensometers) and to select monitored parameters of the response to 
traffic load, interval and frequency of monitored cycles.  

Conclusion: Under current condition it is therefore difficult to get a governmental support 
for long-term statistical applied research without any perspective that it would bring 
economical contribution within first three years.  
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Nonlinear vibration and modelling of fretting wear
of the nuclear fuel rods

V. Zemana, Z. Hlaváča, Š. Dyka

aFaculty of Applied Sciences, University of West Bohemia, Univerzitnı́ 22, 306 14 Plzeň, Czech Republic

The fretting wear of the fuel rod cladding is a particular type of wear that is expected in nuclear
fuel assemblies [1, 2]. The main components of the fuel rods (FR) are cladding in the form of
thin-walled tube from zirconium (subsystem C) and fuel pellets column (subsystem P) incorpo-
rated in tube with radial clearance δ (Fig. 1). The compact form of fuel pellets column is held by
means of the pressed fixation spring at the top of FR (Fig. 2). This spring generates the pressure
force FF . Each FR in the hexagonal type nuclear fuel assembly (FA) is transverse linked by
three static pre-loading spacer grid cells inside the FA skeleton on several level spacings. The
flexural FR vibrations are excited by the FA support plate motion in the reactor core.

The aim of this contribution is usage known motion of FA lower piece and spacer grid
cell centres for a simulation of the nonlinear kinematic excited flexural vibration of the FR
subsystems. Normal contact forces Fl,g, l = 1, 2, 3 transmitted between FR cladding and spacer
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grid cells (see Fig. 1) can be used for a prediction of the cladding abrasion and thinning of the
Zr cladding wall thickness.

The mathematical models of FR beam subsystems are derived using FEM. An interac-
tion between FR subsystems is expressed by impulse forces on the level of all nodal points
i = 1, . . . , 15 (see Fig. 2). The normal contact forces Fl,g are expressed by means of cell cen-
tres displacements xl,g, yl,g, l = 1, 2, 3 (see Fig. 1) and lateral displacements ξg, ηg of the FR
cladding on the level of all spacer grid cells g = 1, . . . , 8 corresponding with even nodal points
2, 4, . . . , 16.

The kinematic excitation caused by the FA support plate motion [3] generates impulse con-
tact forces between FR components and may result in loss of contact between the FR cladding
and some spacer grid cells. These nonlinear phenomena cause a change of the normal contact
forces Fl,g in comparison with till considered linear model (for δ = 0 and a sufficient static
pre-loading F0 between FR cladding and spacer grid cells).

The criterion of the FR cladding fretting wear is expressed by the hourly fretting wear in
grams in dependence on parameters F0 (static contact force between FR cladding and cells), δ
(radial clearance) and FF (static spring pre-loading of the fixation spring), which are changing
during the reactor operation [1]. This quantity is determined by the calculated work of friction
forces in the contact surfaces between FR cladding and spacer grid cells and experimentally
obtained fretting wear parameters–loss of Zr cladding mass generated by the work of friction
force 1[J] at the excitation frequency and the friction coefficient at the same frequency [2].

The described methodology was applied for prediction of the FR fretting wear of the Russian
TVSA-T fuel assembly in the VVER 1000/320 type reactor core in NPP Temelı́n.
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Simulation of an air jet weft pick
J. Žáka, J. Kolářa

aVÚTS, a.s., Svárovská 619, 460 01 Liberec XI, Czech Republic

In our work we tried to lay down some basics about an air jet weft insertion. An air jet loom
compares very badly in comparison of energy consumption with other types of weft insertion,
such as rapier loom or even water jet loom. It is a result of very energy demanding preparation
of compressed air and from bad transfer of this energy to the weft. So a standard loom of 2 m
running at normal speed of about 800 rev/min must be supplied continuously by a compressor of
approximately 5 kW while the loom itself is fitted with a main drive of approximately 4 kW and
this maximal power output is needed only by starting the loom, in standard regime the energy
consumption of main drive is considerably lower.

Rather then attempt a further optimisation of nozzles1 we preferred to do an analysis of
exploitation of looms in a weaving factory. We soon realized that as important as an air jet
optimisation is a correct setting-up of the loom. This requires careful but also time consuming
manipulation of the machine and a re-setting of the control system with each change in the
weaving process (e.g. change of material of the weft). This setting-up comprises a number
of parameters to be entered in the control system such as the timing of valves and nozzles,
setting-up of feeder and other devices, set-up of pressure regulator and many others. Their
input by means of control box is subject to errors and is also time demanding. The pressure on
servicing personal dictates that an universal and “robust” set-up is used. In turn, even for a well
“weavable” weft material a powerful air jet is used and the consumption of air goes high.

With the previous assessment in mind, we proceeded to an optimisation of energy utiliza-
tion during an air jet weft insertion. A mathematical relation between the parameters of weft
insertion and the air consumption in relation to the machine parameters is needed. While the
latter is relatively well known, a simple relation to describe the movement of weft is not easy
to find. Moreover there are several conditions on the textile technology that should be satisfied.
The description of air jet weft pick is given in this paper.

A mathematical description of movement of weft is [1, 3]
∫

L

cD.ρ(ξ, t).
(
c(ξ, t)− L̇

)α
dξ = (λ+ fo) .

(
(L̇)2 + L̈.L

)
, where α ∈ 〈1, 2〉

and cD and fo are parameters to be determined. λ [tex] is known fineness of the weft yarn.
Some simplification, e.g. α = 2 or assumption of constant length of weft to be acted upon, may
be done to obtain:

k.
(
c(t)− L̇

)2
= (λ+ fo) .

(
(L̇)2 + L̈.L

)
,

but the resulting function L = f(t) relies essentially on knowledge of c(ξ, t) and ρ(ξ, t), which
in itself represents a big deal of work because of very high fluctuation of c and ρ along the L
and during t. With the aim on our objective we opted for a different approach.

1The optimal shape of a nozzle is known but impractical either for fabrication and weaving.
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From experience with a standard weft insertion it results some interesting points: first,
after an initial acceleration the speed of weft L̇ stagnates; second, this ultimate weft speed
v∞ = L̇|t→∞ is sensibly lower than the speed of propulsing air c∞. Comparison of numeric
solution of basic equation with experiment confirms the assumption of constant yet unknown
length of weft on which the drag force is executed. Also the square of difference of speed
matches well the reality. An expression of the movement equation for t→∞ may be written:

k. (c∞ − v∞)2 .
= (λ+ fo) .v

2
∞.

Because of v∞ = const. there must also be k = const. and c∞ = const.: the constant values of
k and c∞ express the integral value of propulsing forces in the steady state for t→∞.

Another aspect of our work to mention here is the fact that with each pick we get a set of
values of weft position. That is to say the weft is unwound of a cylinder shaped device in the
feeder and each coil is counted and the time is recorded. With these times we can well estimate
the speed L̇. This feature is a standard accessory of commercial feeders and the supplied values
normally serve to regulate the take-up of the weft from the supply bobbin. The number of the
coils usually varies between five and eight on a 2 m loom. With all the forementioned aspects
in mind we selected the following approach: a fit function satisfying physical conditions was
chosen in form:

L = v∞.
(
t− 2.B + e−

t
B . (t+ 2.B)

)
and thus L̇ = v∞.

(
1− e− t

B .

(
1 +

t

B

))
.

The values of v∞ nad B should be found by means of least squares, but a good estimation
may be found directly from measured values. Then the weft insertion quality for a given set of
parameters is characterized by the these values.

Fig. 1. Comparison of calculated speed
and experiment

Fig. 2. Times of passage of weft and fit function for
3 different weft yarns woven on the same loom
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[2] Pilipenko, V. A., Pnevmatičeskije mechanismy prokladyvanija niti, Legkaja industrija, Moscow,

1973. (in Russian)
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Micro-mechanical analysis of fiber reinforced composites with 
large aspect ratio by meshless method 

M. Žmindáka, V. Kompišb, Z. Murčinkovác 
a University of Žilina, Faculty of Mechanical Engineering Department of Applied Mechanics, Univerzitná 1, 010 26 Žilina, Slovakia 

b Faculty of Mangement Science and Informatics, University of Žilina, Univerzitna 1, 010 26 Žilina, Slovakia 
c Technical University of Košice, Štúrova 31, 08001 Prešov, Slovakia. 

Fibre-reinforced composites have been widely used in engineering applications due to the 
superiority of their electro-thermo-mechanical properties over the single matrix. 
Understanding the physical behaviour of these fibre-reinforced composites is essential for 
structural design. The aim of this paper is to show the Method of Continuous Source 
Functions (MCSF) developed by the first author [1] for composite materials reinforced by 
finite fibres. We will give the mathematical basis of the MCSF, some results and discussion to 
the toughening mechanism conductivity of composite materials reinforced by straight fibres 
of finite length.  

Due to large aspect ratio of fibres, the toughening in elasticity and increase of conductivity 
in heat conduction of the composite material is realized especially by corresponding effect in 
the fibre axis direction. Because of this, the inter-domain compatibility between fibre and 
matrix can be simplified and to assume that the temperature, displacement, strain, stress, etc. 
in all points of the cross-section are equal to each other. This property of the model is 
equivalent to assumption of zero bending stiffness of fibre, which is important to reduction of 
computational model and to correct simulation of composite materials reinforced by fibres 
with large aspect ratio as the nanotubes and similar fibres. The inter-domain compatibility are 
satisfied in discrete collocation points [3] on the fibre-matrix interface. 

The interaction of fibres with matrix is simulated in the MCSF by source functions, which 
are 1D-continuously distributed along the fibre axis. The source functions are fundamental 
solution of corresponding problem (heat sources in heat conduction and forces in elasticity) 
and their derivatives. The forces are directed in the fibre axis direction. These source 
functions, however, are not able to simulate correct the interaction of fibres with the matrix. 
In addition the derivatives of the source functions, heat dipoles and force dipoles and force 
couples are included along fibre axes in order to simulate correctly the large axial stiffness of 
fibres to negligible bending stiffness and also the interaction of fibre with other fibres. The 
dipoles and couples are derivatives of the source functions. We assume that all matrix 
materials and fibres are homogeneous and isotropic, the dimensions of the matrix are infinite 
(i.e. we will deal with the infinite matrix of material with homogeneous material properties) 
and models are restricted to linear behaviour. Primary variables can be scalar like the 
temperature field in heat conduction, or vector like the displacement field in deformation of 
elastic bodies by forces. All fields are split into two parts, the homogeneous part 
corresponding to the homogeneous problem of the matrix without fibres and the local 
(complimentary) part simulating the influence of interactions of fibres with the matrix. We 
will especially investigate the local fields in the matrix of the composite material. 
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The paper deals with modelling of physical micro-fields, mainly thermal and mechanical, 
in large aspect fibrous composite materials. Interactions of matrix and reinforcing fibres 
involve high gradients of physical micro-fields that caused difficulties in reliable numerical 
simulation of composite behaviour. The developed Method of Continuous Source Functions 
(MCSF) eliminates disadvantages of known numerical methods and reduces the solution 
considerably. It uses fundamental solution and its derivatives to simulate the interaction of 
large aspect ratio fibres with matrix. Material properties of both matrix and fibres are assumed 
to be homogeneous and isotropic. The results of numerical examples and micro-fields 
distribution are shown in paper. 

In the numerical evaluation we have to solve an integral equation, in which the intensity of 
source functions is approximated by 1D quadratic Non-Uniform Rational Basis Splines 
(NURBS) [4], which enable to define shape functions to have continuous first derivative over 
the whole integration path and non-equal distribution of nodal points. Basic variables are 
temperature in heat and displacement in elasticity problems.  
The computations are performed on the homogeneous field of matrix material and boundary 
conditions (BC) are prescribed in collocation points along fibre boundaries. In the present 
models it is considered that the fibres are straight and parallel. As the BC are not known a 
priori, the problem is solved iteratively and is assumed that the fibres are superconductors in 
heat and rigid in elasticity problems in the first iteration step. This is equivalent to the 
assumption of constant gradient of temperature and displacement in fibre axes direction, if the 
fibres are straight. This corresponds to constant heat flow in heat problem and constant strain 
in elasticity along a fibre. Finite heat flow and temperature distribution in the heat flow 
problem and strain and displacements in elasticity along fibres are computed in the next steps 
of iteration process. 

The temperature/displacement change of the centre of each fibre by the interaction is not 
known a priori in both the heat and elasticity problem. It is obtained by energy-
balance/equilibrium condition in each fibre. This is realized by including further r.h.s. (right 
hand side) by prescribing temperature/displacement in corresponding fibre centre equal to one 
and zero for the other fibres. 

See [2] more details about the computational model. Present models do not include 
nonlinear effects in all material behaviour of matrix and fibres, large deformations, etc. We 
have to realize that the micro-fibres will be often curved and the curvature can change with 
deformation and this will contribute to nonlinear behaviour of composite, too. 
The models were programmed in MATLAB and they are suitable for parallel computing and 
both versions of the programs are available.  
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Towards RVE via Wang tilings
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aFaculty of Civil Engineering, Czech Technical University in Prague, Thákurova 7/2077, 166 29 Praha 6- Dejvice, Czech Republic
bFaculty of Civil Engineering, Brno University of Technology, Veveřı́ 331/95, 602 00 Brno, Czech Republic

Ubiquitous environmental tendencies along with the aftermath of lingering economic crisis em-
phasize need for highly optimized materials. Accurate and efficient modelling strategies are
sought in order to replace expensive and time-consuming laboratory experiments with in-silico
testing. The present work contributes to an ingredient of numerical analyses, the representation
and reconstruction of material microstructure.

The widely applied approach to modelling of heterogeneous materials based on Statistically
Equivalent Periodic Unit Cell (SEPUC) leads to long-range order spatial artefacts when used
for random microstructures. These artefacts can be significantly reduced employing the recent
generalization to the unit cell concept based on Wang tiles [4]. In this contribution the tiling
concept is investigated from the viewpoint of the application to numerical homogenization.

The concept of tilings is based on a finite set of square dominoe-like tiles with codes as-
signed to the tiles edges [5]. The tiles are assembled into continuous portions of plane – tilings,
such that only tiles with matching codes on congruent edges can be placed side by side.

To utilize this abstract concept in Materials Engineering a part of microstructural informa-
tion has to be attributed to each tile while preserving microstructural compatibility across the
corresponding edges. The tile morphology is designed such that a tiling resembles the reference
medium in the sense of spatial descriptors. We limit our attention to stochastic tile sets presented
in [1]. The sets correspond with intended purpose of generating random realizations of a given
microstructure and can be straightforwardly extended into higher dimensions by means of Wang
hypercubes.

In numerical homogenization, the central question is the representativeness of computa-
tional model. In asymptotic approach, bounds on the apparent property converge to the effec-
tive parameters as the size of the model approaches the size of Representative Volume Element
(RVE) [2], see Fig. 1b. Based on the premise that an accurately compressed microstructure
automatically contains information on a broad range of effective properties [3] we can inves-
tigate optimal size of RVE for various physical processes starting with the same Wang tiling
compression. From the viewpoint of numerical homogenization the most appealing feature of
Wang tiling concept is its ability to generate random microstructure realizations of any size in
a very efficient way. Moreover, creating finite element (FE) mesh for each realization can be
avoided with constructing FE mesh of each tile such that it satisfies the compatibility constrains
given by the tile codes. The tiling mesh then can be synthesized in the same manner as the
microstructure.

Computational cost related to the standard asymptotic homogenization can be thus reduced
realizing that the reconstructed microstructure is composed of repeating instances from a lim-
ited set. Significant decrease in the number of unknowns related to a discretized RVE can be
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Fig. 1. (a) An example of a sandstone microstructure compressed into a tile set consisting of
16 tiles and one realization of 10×10 tiling (magnified part with highlighted tiling grid), (b)
apparent thermal conductivity resulting from the asymptotic homogenization of the sandstone
microstructure.

achieved taking the advantage of the repeating pattern. In particular, we eliminate internal de-
grees of freedom at each tile, leaving only their boundary counterparts. The global stiffness
matrix of an RVE is then assembled from Schur complements of each tile (macro-element)
stiffness matrix. As a result a finer resolution of FE mesh can be used while keeping the com-
putational time feasible.
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The additional effects of fluid in a thin gap with a heterogeneous 
environment 

J. Krutil a, F. Pochylý a, S. Fialová a 
a Brno University of Technology, Faculty of Mechanical Engineering, Technická 2896/2, 616 69 Brno, Czech Republic 

The paper presents matrices of the additional effects fluid on shaft of hydraulic machine that 
arise from the numerical CFD modeling of turbulent mixture of water and air in the 
hydrodynamic sealing gap (HSG). These HSG are an integral part of hydraulic machines with 
impellers (pumps, turbines). Basically it is a narrow gap which is disposed between the rotor 
and the stator of the hydrodynamic machine, see Fig. 1. 

 

Fig. 1. Scheme of a rotor and  a stator of a hydrodynamic machine 
(hydrodynamic sealing gaps are marked by red) 

Fig. 2. Model and computational mesh 
of HSG 

Sealing gap acts as a bearing element, which prevents mutual contact between the rotor 
and stator. This sealing gap combines the function of damper, spring and mass elements. 
Currently, the hydraulic machines are requires to work in a wide operating range. If the 
hydraulic machines operate outside their optimum operating point, local instabilities or 
cavitation may occur. Such phenomena lead to the formation of vortical structures, which 
may cause expelling of a certain quantity of gas or, conversely, may cause the sucking in of 
water with a large amount of undissolved air. 

The solution is based on the method of control volumes and the used tool for the solution 
is numerical program ANSYS Fluent. Model and computational mesh of HSG is show in fig. 
2. It is assumed unsteady movement of shaft in HSG (ie. the shaft performs precessional and 
the rotational movement simultaneously). The result is an assessment of the impact 
undissolved air on elements of matrices of mass, stiffness and damping. In Fig. 4 there are 
plotted the various dependences of each force components acting on the rotor of the machine 
from fluid (corresponds to two revolutions of the rotor). 

All elements hydrodynamic sealing gap are exposed to the effects of flowing liquid. The 
force that acts on these elements can be symbolically expressed in the form 
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where: mass M [Kg], damping B [kg/s] and stiffness K [N/m], for hydrodynamic sealing gap. 

 

Fig. 3. Sample of progressions of forces (speed of rotation ω = 62.8319 rad/s and speed of precession 
Ω = 62.8319 rad/s) 

Table 1. Sample of result of CFD simulation for speed of rotation ω = 62.8319 rad/s 

% of Air K11 K21 B22 B12 M11 M21 
0,5 60206,00 -4384,00 434,00 56,66 2,00E-01 0,00 
1 60182,00 -4384,67 433,33 57,33 2,00E-01 0,00 

The results from Table 1 indicate that additional effects of fluid are characteristic of anti-
symmetric matrices. From this table it can be also seen that with increasing the amount of air 
contained in the water are affected all elements of the above mentioned matrices. 

Acknowledgements 

The work has been supported by the grant project GA101/13-20031S, CZ.1.07/2.3.00/30.0005. 

References 

[1] Krutil, J., Pochylý, F., Fialová, S., Matrices of additional effects of the hydrophilic sealing gap of the 
hydrodynamic machina, Riadenie tekutinových systémov XIV. medzinárodná vedecká a odborná 
konferenci, Trečianske Teplice, Republic of Slovakia, 2014. 

[2] Pochylý, F., Fialová, S. Kozubková, M., Bojko, M., Tensors of added damping, stiffness and mass in a 
thin gap of hydrodynamic machina, IOP Conference Series: Earth and Environmental Science 15 (7) 
(2012) 1-8. 

[3] Pochylý, F. Krutil, J., Hydrodynamic effects of the sealing gap, Research Report number VUT-EU  
QR-33-13, Brno university of technology, 2013. 

166



Homogenization using boundary element methods
D. Lukáša,b, J. Bouchalaa,b, M. Theuera,b

aDepartment of Applied Mathematics, Faculty of Electrical Engineering and Computer Science, VŠB-Technical University of Ostrava,
17. listopadu 15, 708 33 Ostrava-Poruba, Czech Republic

bIT4Innovations, VŠB-Technical University of Ostrava, 17. listopadu 15, 708 33 Ostrava-Poruba, Czech Republic

Materials with periodic microstructure, see Fig. 1, often behave as anisotropic homogeneous
materials at a macroscopic level. For the sake of simplicity we consider the square or cubic
periodic cell Y := (0, 1)d, d = 2, 3, decomposed into nonoverlapping Lipschitz subdomains
Y1 (an inclusion) and Y2 such that dist(Γ,Γ1) > 0, where Γ := ∂Y , Γ1 := ∂Y1. We denote
Γ2 := ∂Y2 = Γ1 ∪ Γ. The periodic material is described by a positive function a : Y → R such
that a(x) = a1 for x ∈ Y1 and a(x) = a2 for x ∈ Y2. It is well known [1] that the solution to a
boundary value problem for the diffusion equation with the periodic material function weakly
converges (in the H1-norm) to the solution of the same problem with a homogeneous material
given by constant coefficients A0 ∈ Rd×d,

(
A0

)
ik
:=

∫

Y

a (δik − ∂iχ̃
k), where χ̃k ∈ H1

per(Y ) :

∫

Y

a∇χ̃k ∇ṽ =

∫

Y

a ∂kṽ

for all ṽ ∈ H1
per(Y ), where H1

per(Y ) contains H1(Y )-functions that are periodic on Γ.
We show that the problem can be reduced to the boundary as follows:

(A0)ik = δik a2 + (a1 − a2)

∫

Γ1

(δik xi − χk
1) (n1)i ,

where (χk
1, χ

k) ∈ V := H1/2(Γ1)×H
1/2
per (Γ) solves the boundary integral formulation

a1 〈S1(χ
k
1), v1〉Γ1 + a2 〈S2(χ

k
1, χ

k), (v1, v)〉Γ2 = (a1 − a2)

∫

Γ1

v1 (n1)k

for all (v1, v) ∈ V , where Si : H1/2(Γi) → H−1/2(Γi) denote the Steklov-Poincaré opera-
tors mapping the Dirichlet data of a Yi-harmonic function to the Neumann data. To our best
knowledge this formulation is new.

Fig. 1. Periodic materials
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Fig. 2. Numerical examples

h 2−6 2−7 2−8 2−9 2−10 2−11

err(h) square 2.05e-2 7.44e-3 2.67e-3 9.36e-4 3.10e-4 8.24e-5
L-shape 4.47e-2 1.14e-2 3.73e-3 1.27e-3 4.17e-4 1.10e-4

Tab. 1. Convergence of homogenized coefficients

We add to the latter formulation the side constraint
∫
Γ1

χk
1 +

∫
Γ
χk = 0 to get a well-posed

problem. This is discretized by means of a Galerkin boundary element method [3] and we arrive
at the following linear system



a1 S1 + a2 S

Γ1,Γ1
2 a2 S

Γ1,Γ
2 P e1

a2P
T SΓ,Γ1

2 a2P
T SΓ,Γ

2 P PT e
(e1)

T eT P 0






χk

1

χ̂k

λ


 =



bk
1

0
0


 ,

where χk
1 is the nodal approximation of χk

1(y), χ̂
k is a half of the nodal approximation of χk(y),

P preserves the Γ-periodicity of χk(y), e1 and e realize the side constraint, and Sα,β
i stands for

the (α, β)-block of the discretized Steklov-Poincaré operator Si.
In [2] we prove, under smoothness assumptions, that the discretized coefficients converge

(in the maximum norm) to the true ones quadratically with respect to the boundary element
mesh size h. We document the theory with the examples in Fig. 2, where we have chosen the
material a1 := 1 and a2 := 10. The resulting homogenized coefficients are

A0
hmin

=

(
6.4758 0

0 6.4758

)
and A0

hmin
=

(
6.8084 −0.1882
−0.1882 7.2662

)

for the square and the L-shaped inclusion, respectively, where hmin := 2−12. Table 1 documents
a super-linear convergence of the error err(h) := maxik |(A0

hmin
−A0

h)ik|.
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Computational modeling of liver perfusion – towards a patient
specific model

V. Lukeša, E. Rohana, A. Jonášováa, O. Bublı́ka

aFaculty of Applied Sciences, UWB in Pilsen, Univerzitnı́ 22, 306 14 Plzeň, Czech Republic

Using CT or MRI data, we are able to create a patient specific computational model of the
human liver. The 1D models of the portal and hepatic veins, which are used for computation
of fluxes and pressures in branches of the vascular trees, are reconstructed with the help of
LISA (LIver Surgery Analyser) application [3]. Segmentation of the liver parenchyma from
CT or MRI is done semi-automatically in DICOM2FEM software [6], a finite element mesh
representing the liver tissue is generated using the marching cubes algorithm [5]. The quality of
the surface FE mesh is improved by applying the Taubin smoothing filter that is able to preserve
the total volume of the segmented organ. An example of a successfully reconstructed liver
geometry is shown in Fig. 1 (left). The reconstructed vascular trees are often of a low quality,
they are disconnected or with various non-physiological artifacts. To avoid problems in further
simulation steps, we combine the reconstruction techniques with the generation of missing or
corrupted branches using the constructive optimization method, see [2].

Fig. 1. Finite element model of the liver tissue and 1D model of the larger vascular structures
(left); results of the numerical simulation – saturation of a contrast fluid (right)

Due to the complex hierarchical arrangement of the parenchyma and vascular structures we
use different mathematical models at different spatial scales. The blood flow in larger vessels
is described by a simple 1D model governed by the Bernoulli equation extended with friction
loss terms. The advantage of the 1D model is the minimal computational cost compared to
a full 3D flow simulation. The liver tissue including smaller vascular structures is considered
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as a 3D porous medium and the blood flow is governed by the Darcy’s equation. To capture
the different hierarchies of the tissue vascularity, we employ the multicompartment approach,
where the hierarchies are represented by spatially co-existing domains, referred to as compart-
ments, associated with a permeability tensor that reflects the vascular structure (vessel size and
orientation). The compartments communicate together and the fluid exchange between them is
driven by coupling coefficients. The model of tissue parenchyma is coupled with the 1D flow
through sources and sinks, see [4, 7, 8]. The computation is performed in SfePy, the Python
based finite element solver, see [1]. Finally, the perfusion results are used for the simulation of
contrast fluid propagation, Fig. 1 (right).

The crucial point of the patient oriented numerical modeling of liver perfusion is identifica-
tion of perfusion parameters involved in the mathematical models. The proposed identification
approach is based on the sensitivity analysis of model parameters and the optimization problem
is solved in order to minimize the difference between the simulated dynamic CT perfusion test
and the measured data.
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A model of wave propagation in homogenized Biot medium
with dual porosity

E. Rohana, V.-H. Nguyenb, S. Nailib
aEuropean Centre of Excellence, NTIS New Technologies for Information Society, Faculty of Applied Sciences, UWB in Pilsen,

Univerzitnı́ 22, 306 14 Plzeň, Czech Republic
bUniversité Paris-Est, Laboratoire Modélisation et Simulation Multi Echelle, MSME UMR 8208 CNRS, 61 avenue du Général de Gaulle,
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We describe a macroscopic model of waves propagating in fluid-saturated periodic media with
dual porosity. At the mesoscopic level, the fluid motion in deforming elastic skeleton is gov-
erned by the Biot-Darcy model extended by inertia terms, which has been obtained by homog-
enization of the fluid-structure interaction, see e.g. [2, 3].

In this paper we deal with upscaling the Biot-Darcy model from the mesoscopic level, where
large contrasts in the permeability and the poroelastic coefficients are considered. The two-scale
homogenization method is used to obtain a macroscopic model. This model is an extension of
previously studied problems with either rigid skeleton part [5], or deformable Biot medium
without large contrasts in material properties [4].

Wave propagation in the Biot medium is governed by the system of three equations involving
skeleton displacements u, the fluid pressure p, and the fluid seepage velocity w which describes
the relative fluid velocity w.r.t. the solid skeleton. We consider harmonic waves with a given
frequency ω, so that the complex amplitudes (u,w, p) satisfy the momentum equation, the Darcy
law extended for the inertia terms, and the fluid volume conservation:

−ω2ρu + iωρfw−∇ · (IDε(u)) +∇(αp) = f ,

−ω2ρfu + iωρww + K−1w +∇p = f̃ ,

iωα : ε(u) + divw + iω
1

µ
p = g̃ ,

where ε(u) is the small strain tensor, f and f̃ are the volume force amplitudes (acting on the
mixture and on the fluid, respectively), ID is the skeleton elasticity tensor, ρf is the fluid density,
density ρw = φ−1

0 ρf involving the fluid volume fraction φ0 is relevant to the seepage accel-
eration, K is the permeability, α is the Biot effective stress coefficient (tensor), µ is the Biot
modulus reflecting compressibility of the fluid and of the skeleton.

The heterogeneous porous medium occupying domain Ω consists of two distinct parts with
large contrasts in magnitudes of the hydraulic permeability and poroelasticity coefficients. For
a fixed scale ε > 0 related to the size of the mesoscopic heterogeneity, we consider the decom-
position of Ω ⊂ R3 into two parts, the matrix Ωε

m and the channels Ωε
c, whereby Ωε

m ∩ Ωε
c = ∅

and Ω = Ωε
m ∪Ωε

c ∪ Γε with Γε = Ωε
m ∩Ωε

c denoting the interface. We require that both Ωε
c and

Ωε
m are connected, see Fig. 1 illustrating the periodic structure with the dual porosity.

We pursue the approach of [5], accepting the classical scaling ansatz, with respect to ε,
which was used first by Arbogast et al. [1] to deal with quasi-static flows in fissured rocks.
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Fig. 1. The double porosity medium

Piecewise-continuous material coefficients are introduced, as follows:

ρwε(x) = χε
m(x)ρmε(x) + χε

c(x)ρcε(x) ,

µε(x) = χε
m(x)µmε(x) + χε

c(x)µcε(x) ,

Kε(x) = ε2χε
m(x)K̂mε(x) + χε

c(x)Kcε(x) ,

IDε(x) = χε
m(x)IDm,ε(x) + ε2χε

c(x)ÎDc,ε(x) ,

αε(x) = χε
m(x)αm,ε(x) + εχε

c(x)α̂c,ε(x) ,

where χε
d for d = m, c is the characteristic function of domain Ωε

d. The wave propagation
in the homogenized medium with the double porosity is given in terms of the macroscopic
displacement and pressure fields u and p which satisfy the following two equations:

−ω2Mu0 −∇ ·
(IDe(iωu0)− (B − ω2G)iωp0

)
+ iωCp0 = Ff f̃ f + F sf̃ s − Es · iω∇p ,

(B − ω2(G)T
)

: e(iωu0) + ω2C · u0 −K : ∇(∇p0) + iωHp0 = Ff · f̃ f + F s · f̃ s + iωEfp .
All the homogenized coefficients M,ID,B,G,K,H and Ff ,F s, Ef ,Es are computed using
characteristic responses of the microstructure and depend on the frequency ω of the incident
wave. In the paper we explain the structure of the local problems for the characteristic responses
and discus some properties of the homogenized model.
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Modelling of various phase transformations in ferroic solids,
in particular magnetic shape-memory materials
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Ferroic materials is a generic name for ferromagnets, ferroelectrics, or ferroelastic materials.
They exhibit various structural (in some cases called phase-) transformations (PT) of mechani-
cal or non-mechanical character, as a martensitic PT in shape-memory materials or ferro-to-para
magnetic PT, sometimes even combined with chemical transformations as e.g. metal-hydride,
etc. Several ferroic phenomena may occur simultaneously and the PTs are then mutually cou-
pled – one speaks about multiferroics; examples are piezoelectric or magnetostrictive materials.

Even media which are homogeneous thus typically manifest themselves as in some sense
heterogeneous due to occurrence of (evolving) domains with very different mechanical or other
properties. Often, a sophisticated microstructure is self-organized in particular single-crystals
(which may further form particular grains in polycrystalic specimens). Therefore the problem

t4

t2

t1

t3 t5

t0

t6

c d eba

Fig. 1. Schematic explanation of microstructure formed by twinned martensite with zig-zag magnetisa-
tion as observed in single-crystals of magnetostrictive intermetalics as e.g. Ni2MnGa:

(a) the parent austenite (cubic): schematic atomic latice with two sorts of atoms and two directions of
easy magnetisation (out of 3 in dimension 3),

(b) two variants of “tetragonal” martensite elongated vertically or horizontally with only 1 direction
of easy magnetisation (geometrical stretch may be quite large, about 8%),

(c) a twin occurring by matching two slightly rotated martensitic variants with an easy-magnetisation
directions “bended” in a nearly 90◦-angle,

(d) 1st-order laminate (the gray levels distinguish particular variants of martensite) with a zig-zagging,
easy-magnetisation,

(e) 2nd-order laminate (layers within layers, magnetisation not depicted).

is typically truly multi-scaled, ranging from atomistic and microscopic (cf. Fig. 1), via meso-
scopic, to macroscopic levels, to be sometimes understood in the context of particular modelling
object. Beside such spatial scales, also various time scales are to be recognized.
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A wide class of such materials are intermetalics (= alloys with a regular composition of
atoms bonded chemically) electric conductive, sometimes allowing diffusion of certain fluids
(hydrogen, deuterium) like porous media. Together with sophisticated storage-energy mech-
anism, equally important is the way how such materials dissipate energy within these phase
transformations. This allows typically for even much less rigorous understanding only, and thus
needs even more phenomenology. And, of course, strong temperature dependence is typical
and vital part of a sophisticated (sometimes called smart or intelligent) response of such ma-
terials, which makes important also the heat transfer in non-isothermal situation and the truly
thermomechanical coupling of such multi-physical models.

There is a wide menagerie of mathematical and computational models which have been
build many decades worldwide on various levels (micro/meso/macro) focused to various aspects
(e.g. single crystals vs polycrystals, merely static vs quasi-static vs dynamic, isothermal vs
anisothermal, etc.), incorporating various phenomenology and concepts (e.g. large vs small
strains), and supported by some (or none) mathematical and physical rigor. For a certain survey
of merely ferroelastic PTs in case of shape-memory alloys see [3]. Rigorous upscaling between
various levels of description is usually possible at most in static problems, or sometimes in
quasi-static too, cf. [4], but mostly is missing.

Following a (to some extent pioneering) work [2] which formulated the ferro-to-para-mag-
netic PT in ferromagnets in mathematically amenable way in particular by relaxing the Heisen-
berg constraint, it was possible to combine it with ferroelastic models like [1] to build a model
for magnetostrictive materials [6], still devised for single crystals like in Fig. 1 only. Of course,
the situation in polycrystals is even more complex and ultimately needs much more phenomeno-
logical models, like that in [5], which, on the other hand, are more amenable for efficient com-
putational simulations of macroscopical specimens of engineering interest.

Moreover, diffusion of hydrogen in rare-earth- or Uranium-based intermetalics may com-
bine ferromagnetic/ferroelastic PTs with metal-hydride structural transformation like in [7].
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Hard packing for 3D Wang cubes generation 

D. Šedlbauer a 
a Department of Mechanics, Faculty of Civil Engineering, CTU in Prague, Thákurova 7/2077, 166 29 Prague, Czech Republic 

For a representation of heterogeneous materials some approaches can be found. Most of them 
deal with a concept of the Representative Volume Element (RVE). The RVE can be defined 
as a small enough sample including the whole domain information of a reconstructed 
medium. Such sample has to enable efficient usage of numerical methods for modelling as 
well [2]. For a creation of the RVE methods based on the Periodic Unit Cell (PUC) are 
commonly used. However, during a reconstruction of heterogeneous materials using the PUC 
unwanted periodicity artefacts occur. Therefore the concept of Wang tiling [3] is utilized that 
can highly reduce a periodicity without increasing of computational demands. In this paper 
we consider modelling of a 3D heterogeneous material that consists of hard spherical particles 
within a matrix.  

The main idea of the Wang tiling is to stack an infinite aperiodic or strictly aperiodic 
plane/space with a small set of Wang tiles/cubes. In general each single Wang tile in 3D is 
represented as a cube with codes (colours, letters etc.) on walls. In the field of 3D material 
modelling it is not necessary to have strictly aperiodic domains. For a stacking of such spaces 
via Wang cubes a stochastic tiling based on the CSHD [1] algorithm is utilized. First cube of 
a set is randomly chosen and placed to the grid of a material domain. The stochastic algorithm 
then adds cubes gradually row by row, column by column within a layer and then layer by 
layer. Considering three parameters as numbers of different codes for walls in x, y and 
z directions, we have to have at least two possible cubes for every combination of codes in 
mentioned directions (stochastic principle). If we have two different codes in each direction 
the minimal Wang tile set consists of sixteen cubes, Fig. 1. 

The generation of a set of 3D Wang cubes can be seen as a highly constrained packing 
problem. The hard particles distribution within a matrix highly affects a considerable amount 
of material properties especially the mechanical ones. Concurrently particles non-overlapping 
has to be ensured. In order to meet these conditions a dynamic packing algorithm for the 3D 
Wang cubes generation is introduced. This algorithm is based on particle motions, particle 
growth and dynamic phenomena such as particles collisions and rebounds. 

At the beginning of the dynamic algorithm each Wang cube is divided into six marginal 
(border) volume parts corresponding to the walls of a cube and one central part. The centres 
of particles with random initial velocity vectors are than semi-randomly placed into the 
assigned volume parts of a cube. The particles than grow during the dynamic algorithm, 
elastically bounce from each other and also from the walls of the volume areas until 
a stopping criterion is achieved. The stopping criterion can be the final particle radius, volume 
fraction or required value of any material property based on particle distribution. The entire 
process takes place simultaneously with all the cubes of set of sixteen Wang cubes. 
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Fig. 1. The principle of stochastic Wang tiling in 3D, minimal set Wang cubes for stochastic tiling 

For the task of achieving predefined or optimal particles positions there is need to update 
particles velocities during the process of generation. A modification of a particle velocity 
vector is based on principles of swarm optimization techniques where velocity of a single 
particle is determined in accordance with global best so far positions of all particles in terms 
of observed material property.  

With the dynamic algorithm it is possible to generate the optimized Wang cubes. The 
dynamic algorithm is based on particle movements and dynamic phenomena that enable 
particle non-overlapping and modelling of materials with higher volume fraction. A final set 
of the Wang cubes meets requirements for the stochastic tiling through which we can stack 
aperiodic material domains. A generated set of the Wang cubes can be than used for various 
tasks of material engineering like homogenization or micromechanical fields.  
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Macroscopic modeling of electro-osmosis in the porous structure
of a cortical bone tissue

J. Turjanicováa, E. Rohana

aFaculty of Applied Sciences, UWB in Pilsen, Univerzitnı́ 22, 306 14 Plzeň, Czech Republic

Porous structures are commonly found in a wide scale of biological tissues, where multiple
physical phenomena may occur. In our recent work, we focus on the electro-osmosis in the
cortical bone tissue, where this phenomenon participates in important physiological processes.
Similar approach can be applied on other biological tissues or in geosciences, see [1].

In the previous work, see [3], we already introduced a macroscopic model of electro osmo-
sis, where the velocity of the convective flow on the microscale was given. Our current aim is to
improve the previous model with Stokes problem and compare the behavior of derived effective
coefficients dependent on the convective velocity between the previous and the extended model.

We treat the cortical bone as a hierarchical structure with multiple porosities on different
scale levels. Our present work is focused on the electro-osmosis at the lacuno-canalicular poros-
ity level with characteristic scale l ≈ 10 nm, further referred to as the microscopic level. At this
scale, the solid matrix (occupying domain Ωs) is perforated by lacunae and canaliculi filled with
the bone fluid (occupying domain Ωf ). By the macroscopic level we mean the osteon matrix.

We present a dimensionless model of ionic transport in the network of small channels per-
forating the osteon matrix, which are saturated with an electrolyte solution with two type of
monovalent ions of opposite polarizations (cations Na+ and anions Cl–). The solid phase Ωs

and the solid-fluid interface Γ are charged with small negative charges, thus the ions in the bone
fluid are subjected to a static electric field.

The ionic transport is governed by the following system of equations involving electric
potentials in the solid matrix and fluid ϕ, fluid convective velocity w, and concentrations of
positive and negative ions q±, see [3]:
Electrostatics - Gauss equations:

−∇ · αs∇ϕ = π̃s in Ωs ,

−∇ · αf∇ϕ− 0.5λ−2
D (q+ − q−) = 0 in Ωf ,

Insulation condition:
n · α∇ϕ = 0 on ∂Ω ,

Jump condition on solid-fluid interface:

n · α∇ϕ|s = −αΓ

dΓ

[ϕ]Γ −
%̃

2
on Γs ,

−n · α∇ϕ|f =
αΓ

dΓ

[ϕ]Γ −
%̃

2
on Γf ,
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Movement of the ions - two Nerst-Planc equations for positive and negative ions:

∂tq
± + w · ∇q± −∇ · ID± ·

(
∇q± ± (Φ̄zF/(RT ))q±∇ϕ

)
= 0 in Ωf ,

Condition of no mass transfer:

n · ID± ·
(
∇q± ± (Φ̄zF/(RT ))q±∇ϕ

)
= 0 on Γ ,

Condition of electro-neutrality:
q± = q̄± on ∂Ω .

The model is characterized by the following physical quantities: relative permitivity αd, volume
and surface electric charge π̃d, %̃d, d = s, f , Faraday constant F, universal constant R and valence
of ion particles z. Diffusion coefficients for cations and anions are in the form of second-order
tensors ID±. The electro-osmosis is characterized by Debye’s length λD = (ε0RT/2Q̄(z̄F)2)1/2,
where ε0 is the permitivity of the void space.

The electro-osmosis model given above can be extended by Stokes problem in Ωf for ve-
locity w and pressure p, where driving force is proportional to (Θ+ −Θ−)∇Φ, see [2]:
Stokes problem:

µf∇2w−∇p = z F Φ̄ Q̄(Θ+ −Θ−)∇Φ in Ωf ,

∇ · w = 0 in Ωf ,

w · n = w̄n on ∂Ωf \ Γ,

w = 0 on Γ,

where µf is the viscosity.
We apply the asymptotic homogenization method on the model introduced above (for more

details see [2]). The derived effective coefficients describe the material properties at macro-
scopic level in the derived macroscopic equations. Both the homogenization procedure and the
homogenized problem on the macroscale were implemented in the software SfePy. We con-
sider a few different representations of microstructure. On the derived effective coefficients, a
parametric study is performed.
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FFT-based Galerkin method for homogenization of periodic
media
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An FFT-based homogenization belongs to effective numerical algorithms for the evaluation
of homogenized properties, which arise from the unit cell problem for periodic media, demon-
strated here for scalar linear elliptic problems defined on a periodic unit cellY =

∏d
α=1(−1

2
, 1
2
) ⊂

Rd with periodic boundary conditions. The variational formulation yields the homogenized ma-
trix AH ∈ Rd×d in the primal formulation

(
AHE,E

)
Rd = min

e∈E

(
A(E + e),E + e

)
L2
#(Y;Rd)

=
(
A(E + e(E)),E + e(E)

)
L2
#

for arbitrary E ∈ Rd. The quantity e from L2
#(Y ;Rd), consisting of square integrable Y-

periodic Rd-valued functions, denotes electric current while second-order tensor A : Y →
Rd×d denotes coercive and bounded material coefficients. The minimization space E = {e ∈
L2
#(Y ;Rd) :

∫
Y e = 0,∇×e = 0}, the subspace of the Helmholtz decomposition L2

#(Y ;Rd) =

Rd ⊕ E ⊕J , and consists of functions e having a Y-periodic potential P ∈ H1
#(Y) satisfying

∇P = e. The formulation in the potential form is useful especially for FEM as the curl-free
condition is satisfied a priori. This simplification is impossible in the dual formulation as the
dual space J consists of divergence-free fields.

Since the introduction of FFT-based algorithm [4] in 1994, various improvements and mod-
ifications of the original formulation have been provided, e.g., [3, 5], however rigorous theories
of discretization with convergence proofs have been published only recently. The first approach
by Brisard and Dormieux [1] is based on the discretization with piece-wise constant functions
corresponding to pixel or voxel-based images. Our approach described in [7]–[9] builds on
approximation with trigonometric polynomials with bounded frequencies

T d
N =

{∑

k∈Zd
N

v̂kNϕk : v̂kN = (v̂−kN ) ∈ Cd
}

for ZdN =
{
k ∈ Zd : −Nα

2
≤ kα <

Nα

2

}
. (1)

The main advantage of this approach is that trigonometric polynomials preserve the Helmholtz
decomposition T d

N = Rd ⊕ EN ⊕JN , providing the conforming approximations to spaces E
and J of curl-free and divergence-free fields respectively. The decomposition can be provided
by orthogonal projections formed from the Green function corresponding to homogeneous prob-
lem, which is fully employed also in discrete formulations. The connection of trigonometric
polynomials with their Fourier coefficients by FFT algorithm also provides the way to efficient
implementation.
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Two types of discretization that are based on the Galerkin (Ga) approximation and the
Galerkin approximation with Numerical integration (GaNi) are stated here for the primal for-
mulation only
(
AH,NE,E

)
Rd = min

eN∈EN

(
A(E + eN ),E + eN

)
L2
#

=
(
A(E + e

(E)
N ),E + e

(E)
N

)
L2
#

,

(
ÃH,NE,E

)
Rd = min

eN∈EN

(
Q[A(E + eN )],E + eN

)
L2
#

=
(
Q[A(E + ẽ

(E)
N )],E + ẽ

(E)
N

)
L2
#

,

with numerical integration provided by an interpolation operator Q : C0
#(Y ;Rd)→ T d

N . GaNi
scheme corresponds to the original Moulinec and Suquet algorithm [4], while Ga scheme is
innovative, possess better behavior, and thus opens new area for investigation. The convergence
rates for the schemes are proven in [5, 7] and the relation between primal-dual discrete formula-
tions are investigated in [8], where we show that the duality is transfered to the discrete setting
GaNi scheme for the odd number of discretization points.

According to work by Dvořák [2], the guaranteed bounds on homogenized matrix can be
obtained, cf. [6, 8], in a sense of quadratic forms, with the lower bounds obtained from the dual
formulation:

B
−1
H,N � B−1H,N � B−1H = AH � AH,N � AH,N .

Matrices AH,N ,BH,N ∈ Rd×d are obtained as a posteriori estimates from minimizers of GaNi
scheme.
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